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PREFACE. 



Taking into consideration the number of Euclids which already 
exist, the author has feared it may savour of presumption to have 
published another. Having however been teaching Euclid almost 
daily for the last twenty years to pupils who, before coming under 
his tuition, had learnt something of Geometry from the different 
text books in use during that time, he ventures to think that this 
experience has made manifest to him the principal advantages and 
disadvantages of these numerous works, and thereby enabled him 
to present the propositions in the form most likely to be of 
educational value to those who are beginning either to learn 
or to teach the subject. 

The principal features of this work are as follows : 

(1) Uniform adherence to Euclid's Methods. 

In the three propositions in which the author has deviated 
from this rule, translations from the Greek text have been given. 

(2) Considerable alteration of the text. 

The propositions are all treated in a uniform systematic way, 
the component parts of each, viz. the enunciation, construction, 
demonstration and conclusion being clearly displayed. 

Every demonstration is separated into a series of links, in each 
of which cause precedes effect. 

(3) The introduction of a list of facts supplementary to the 
definitions, postulates and axioms. 

The author considers it of the utmost importance that young 
students of geometry should never be allowed to advance argu- 
ments without supporting each by direct reference to some 
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admitted fact : and this is his apology for introducing the state- 
ments on page 11. They are not advanced as supplementary 
general principles necessary to the rigid support of Euclid's system 
of Geometry but rather as answers to the questions which in- 
telligent students are sure to ask with regard to Euclid's un- 
supported statements. 

(4) All indirect demonstrations are concluded in the form, 

If A is B, 

then C is D, 

which is impossible ; 

therefore A is not B. 

The objectionable phrase "which is absurd" is thereby avoided 

and the logical inference made more manifest 

It is impossible that a student can clearly understand indirect 
demonstrations without knowing something of logic. The author 
has therefore called attention to the few logical facts which are 
necessary to the support and explanation of Euclid's system, and 
added in italics, a few other such facts, the consideration of which 
will afford useful mental exercise. 

With the hope of encouraging the student to apply, when 
practicable, superposition in the demonstration of theorems, some 
examples of the application of this method are given. 

With a view to guarding the student against some of the 
principal errors which beginners are liable to make when attempting 
to demonstrate theorems, examples of erroneous demonstrations 
are given, the student being required to detect the errors. 

Marked attention has also been called to Euclid's principal 
errors, and in this, and other ways, the author has attempted to 
encourage the most exact and rigid reasoning. 

The propositions are so arranged in the book, that the whole 
text and diagram of each can be seen without turning over the 
page ; and opposite each of the first 26 propositions, the various 
definitions, postulates, axioms and former propositions, necessary 
for the construction and demonstration are stated. The blank 
spaces left may be found useful for notes. 
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The only abbreviations used are : — 

A, for 'the point A.' 
AB, for c the straight line A B.' 

Join AB, for 'draw from the point A to the point B a straight 
• line AB: 

Experience having shewn the author that in the vast majority 
of cases the notes on the propositions are not observed, he has given 
more prominence to his notes than is usual, and, by advising 
the student when to read certain propositions, and when to work 
sets of examples, proposes a regular course of geometrical study, 
which he hopes will be found useful to his readers. 

The examples have been selected chiefly with a view to 
teach the properties of the magnitudes treated of by Euclid in 
his first book ; but, considering it necessary to commence with the 
very simplest ideas, the author has been obliged to set questions of 
a different nature, some of which are very much easier than those 
generally given in text books of geometry. He has also given 
exercises in the use of instruments, and endeavoured to encourage 
the habit of demonstrating theorems without using diagrams. 

With reference to the progressive nature of the exercises, the 
author has taken the opinions of a great many young beginners as 
to their relative difficulty, and arranged them accordingly. The 
first 163 examples are of such a nature that at least 50 per cent, of 
his pupils have been able to originate the solutions. 

At the end of the book are given particular enunciations of the 
propositions with diagrams different from those used in the text. 
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CHAPTER I. 

Geometry, which originally meant tin; art of measuring portions of 
the earth's surface or distances on it, now denotes the science which 
treats of the measurement, properties, and relations of space magnitudes 
generally. 

It ia the most important of all mathematical sciences; Astronomy, 
Navigation, Surveying, Perspective, Mechanics etc., all depend upon it, 
and before the student can proceed to the study of such sciences he 
must know geometry. 

It is however chiefly as mental discipline and intellectual education 
that the study of Euclid's geometry is so valuable. The facts which 
are proved are very useful and indeed essential stepping stones to the 
study of other mathematical sciences, it ia not however only what is 
proved, but the rigid and exact system of reasoning employed which 
makes the study so useful. 

Euclid wrote nearly 2200 years ago and his book is the text-book of 
Geometry in many English schools at the present day, although other 
systems have, from time to time, been compiled in different countries. 

Every assertion Euclid makes is proved at the time, has been proved 
before, or is assumed to be true. 

Euclid's statement of what he assumes consists of the definitions, 
postulates, and axioms ; but, as will be pointed out, these do not include 
all the truisms that he asserts as self-evident. 

Let the student before proceeding read carefully the definitions, 
postulates and axioms on page 63. 

It must not be imagined that Euclid was allowed to take for granted 
as true anything lie liked ; — far from it. He was engaged in a 
controversy in which he only assumed what lie knew would be accepted 

I by his adversaries, and they did not admit anything which could 
possibly be denied. 
In the definitions he explains what he wishes certain words to lie 
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understood to express, and clearly his adversaries could not object to 
such abbreviations. 

In the postulates be assumes tbat be can effect three processes, but 
in imagination only ; for, as will be pointed out later on, no one could 
really draw a line, produce a line, or describe a circle, but it is 
perfectly reasonable, fcr the sake of argument, to suppose such things 
can be done. . 

In the axioms he assumes as true certain statements which his 
adversaries must have more or less readily admitted. 

Every body, or particle of matter, however small, has length, breadth 
and thickness, and occupies a portion of the boundless space around us. 

Length, breadth, and thickness are called dimensions of space. 

Space can be of either one, two, or three dimensions. 

The distance of one star from another is a space of one dimension, ' 
viz, length. 

A shadow on a wall occupies a space of two dimensions, viz. 
length and breadth. 

The wall itself occupies a space of three dimensions, viz. length, 
breadth and thickness. 

That which in imagination separates ono part of a space having 
length, breadth, and thickness, from another part, without being in 
itsolf part of either of them, and having only length and breadth, is a 
superficies. The surface of this paper is a superficies, but the superficies 
is not part of the paper, nor of the adjacent air. That which in imagi- 
nation separates one part of a superficies from another, being part of 
neither, and having length only, without breadth, is a line. A point is 
that which in imagination divides one part of a line from another, with- 
out being part of cither, and it lias neither length, breadth, nor thickness. 
A point has only position, a line has only position and length, and a 
superficies has only position, length, and breadth. Neither a point, a line, 
nor a superficies can be either felt or seen ; it is only in imagination that 
a line can be drawn, or a point placed in position. The so-called lines 
supposed to be drawn on paper are really accumulations of particles of 
some kind, each of which is a solid substance having length, breadth 
and thickness. Of such lines Euclid's arguments treat of their length 
only, independently of any idea of their breadth and thickness. A 
point in motion passes through a space called a line, and a line in mo- 
tion, not in its own direction, passes through a space called a superficies. 
A carpenter applies in practice the test which Euclid applies in 
theory, to determine whether a superficies is plane, for, after I 
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planed his board, and made it appear as smooth, and free from irregu- 
larities as possible, he applies the edge of his straight rule in many 
different positions on the surface, and sees that it touches the board 

jughout its length in each position. But, even if he could do this 

iach case with mathematical accuracy, he could never be sure that 
the surface of his board was plane, because he could never apply his rule 
between every two points, there being no limit to the number of points. 

An angle is called a plane angle when each of the Hues forming it is 
the same plane superficies ; and a figure is called a plane figuro when 
is entirely in the same plane superficies. 

Whenever we talk of what can. be more or less, we talk of a magni- 
tude. A line is a magnitude aud space; a superficies is a magnitude 
i space ; but a point is neither a magnitude nor space. An angle is 
uagnitude but not space ; it is the magnitude formed by the turning 

one line about a point in another, the lengths of the lines having 
nothing to do with the size of the angle ; we can compare one angle or 
opening with another, and deteiinine which is more or less. Euclid 
dufines an angle in such a manner that it is possible for an angle by 
becoming greater to become non-existent ; for, if an angle increase until 
the lines forming it are in the same direction, the angle Ceases to exist, 
Euclid does not consider the possibility of one angle being equal to or 
greater than two right angles. Of two coincident straight lines let one 

lain fixed whilst the other revolves about one of its extremities; in 
whatever position the second stops the inclination of the two lines is an 
angle (according to his delinition) only nntil the two straight lines are 
in the same straight line. Euclid's angle may be the inclination of 
either straight or curved lines, but we have nothing to do with angles 
contained by oui-ved lines. All the angles which are considered in 
Euclid's first book arc rectilineal angles, and all rectilineal angles are 
plane angles, for any two straight lines which meet must be in the 
me plane superficies. 

Iu the eighth axiom mention is made of magnitudes coinciding, or 
exactly filling the same space. 

The meaning of the word filling, as used here, must be carefully 
considered. A geometrical figure occupies space, only in imagination, 
and an infinite number of figures may, in this sense of the word, fill at 
e same time, part or the whole of the same extent of space. 

Points can coincide in position, but, having no magnitude, they c 

1 no space. Lines can coincide in position and length only. Plane 

figures are assumed to coincide when their boundaries coincide each 

1—2 
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with each. Angles are said to coincide when the lines forming them 
are terminated at the same angular points, and coincide in direction. 

Euclid never measures any of the magnitudes he treats of, by an 
unit, as we do in Arithmetic ; he does not talk of a lino being so many 
inches, or other units of length; he simply compares lines, angles, or 
figures, and then concludes their equality or inequality. The vast 
majority of sneh magnitudes are incommensurable with one another, 
that is, they cannot be measured by the same unit. It ■would be 
impossible to find an unit of length, however small, such that it should 
be contained an exact number of times both in the circumference 
and diameter of a circle. Euclid does not use any unit to measure 
angles with, hut, having defined his ri^ht angle, and taken for granted 
that all right angles are equal, is able to talk of any other angle as 
being greater or less than a right angle. 

The extremity of anything is not a part of that thing; the bound- 
aries of a figure are not parts of the figure but merely enclose it. A 
triangle does not consist of the lines called the sides, but of the superfi- 
cial area enclosed. When Euclid speaks of plane figures, such as circles, 
triangles, parallelograms etc., he means the surfaces contained within, 
the boundaries of these plane figures. Definition 14 might be read : 
"A figure is a completely bounded space, the limits or bounds of which 
are either lines or superficies." 

Euclid's definition of parallel straight lines is a negative definition. 
It would he impossible to determine from it whether lines were 
parallel ; for, however far they had been produced and found not to 
meet, the test would not have been fully applied, because they could 
etill be produced further, and then might meet. One point can prove 
the intersection of two lines, but millions of points cannot prove that 
they are parallel. The definition does not assert (hat there are straight 
lines which, however far produced, never meet; hut says that if there 
be such straight lines, in the same plane, they are to be called parallel. 
Lines not in the same plane, although they do not meet when produced, 
are not parallel according to Euclid's definition. 

The postulates may be said to allow Euclid the use of an imaginary 
ruler and compasses, but the ruler cannot be used for measuring, and 
the compasses close of themselves iininodiiitely they are taken from the 
sujwrficies. 

In assuming these postulates Euclid of course undertook not to 
make any other geometrical construction without showing how he 
could do so. 
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It is usual in works on Geometry to denote the relative positions 
points hy letters; and if A ami B thus represent tin:- positions of two 
(joints, the line joining these points is called All) or, if necessary, in 
points in the same line may be mentioned. Angles are named with 
three letters, the first being a point in one of the lines containing the 
angle, the second the point a£ intersection of the two lines, and the third 
a point in the second line ; the point of intersection of the two lines is 
called the vertex, or angular point. If AJS and BO be two lines meeting 
at the point B, and not in the same direction, and if P be a point in tl 
line AB, and Q be a point in the line BO, then ABC, ABQ, PBQ, c 
CBP each represents the same an^le. In describing the position of a 
circle, three points in its eircu inference are named ; thus we talk of the 
circle ABC, A, B and C representing (lie positions of three points in its 
circumference. Figures having more than one boundary are named by 
mentioning in order the letters at each of their angular points, as 
triangle XYZ, or the square PRBV. 

The following ipiestions should be answered with the aid of diagrams 
to assist the imagination and memory. 

(1) AB is a straight line, and C a point in it ; name the parts into 
which C divides AB. 

(2) AC is a straight line perpendicular to another straight line BD, 
and meeting it at C ; name the right angles. 

(3) Two straight lines, AB and CD, intersect at E ; name the four 
angles thus formed. 

(4) The diagonals of a rhombus A BCD intersect at E ' ■ name the 
eight triangles thus formed. 

(5) PQR is an angle, and PQS is a part of it ; name the other 
part. 

(6) A straight line cuts the circumference of the circle ABC in 
points B and C, ABC is a triangle of which the side AC passes through 
the centre of the circle; name the semicircle thus formed, and the 
segments of a circle greater than a semicircle. 

(7) ABC and DBC are two triangles on the same base and on 
same side of it, the vertex of each triangle being without the other; if 
the vertices be joined name the quadrilateral figure thus formed. 

(8) A straight line AB is perpendicular to another straight line 
CD, meeting it at the point B ; the angle ABD is divided into two 
parts by the straight line BE; name the right angles, the acute angles 
and the obtuse angle thus formed. 

(9) ABCD is an oblong; on the side AB, and remote from CD' 
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an equilateral triangle ABE is described; name the polygon thus 
formed. 

(10) ABO ia a triangle, H a point in AB, and E a point in BO ; 
denote by eight different arrangements of the letters A, B, C, D, and E, 
taken three at a time, the angle opposite to the Bide AG. 

(11) If the straight line AB full upon the two other straight lines 
CD and EF, cutting CD at G and EF at II, which are the interior 
angles on the same side as D and F of the line AB i 

(12) Define a plane figure, and the centre of a circle. State the 
meanings of the words postulate and axiom, explaining the difference 
between them. 

(13) A straight line divides a circle into two parts; what is the 
general name of each of these two parts and what the particular name if 
the straight line paw th rough the centre 1 

(H) ABC is a triangle such that AB is greater than BC, and AC 
less than BO ; what kind of triangle is ABO t 

(15) WliK-h of the following siateincnts are true: — 
(a) Every plane angle is a rectilineal angle. 
(6) Every rectilineal angle is a plane angle. 

(c) Every semicircle is a segment of a circle. 

(d) Every segment of a circle is a semicircle. 

(e) Every equilateral triangle is an isosceles triangle. 
(/) Every isosceles triangle is an equilateral triangle. 
(g) Every plane figure which Las all its sides equal, but has not 

all its angles right angles, is a rhombus. 
(It) All straight lines which, if produced ever so far both ways, 

do not meet, are parallel. 
(«') Every trapezium is a quadrilateral figure. 
(j) Every quadrilateral figure is a trapezium. 
(k) All magnitudes which coincide are equal to one another. 
(I) All magnitudes which are equal to one another, coincide. 

(16) Define a parallelogram and the radius of a circle. 

(17) Jf a plane quadrilateral figure be rectilineal, equilateral, and 
rectangular, what is it called ? 

(18) A rectilineal figure enclosed by the leant possible number of 
boundaries, lias all its sides equal ; what is it called ? 

(19) What plane figures contained by only two lines are defined in 
Euclid's first book! 
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ANSWERS. 



1) AC and CB. 

2) ACB&ndACB. 

3) CEA, AEB, BEB &nd CEB. 

4) AEB, BEG, DEC, AEB, ABB, BCD, ABC, and ABC. 

5) SQR. 

6) Semicircle ABC, segment greater than semicircle BCA. 

7) ABCB or ACBB. 

8) Right angles ABC and ABD, acute angles ABE, and Z)2?i?, 

obtuse Cft#. 

9) ABCBE. 

0) .4J5C, ^J5^, BBC, BBE, CBA, EBA, CBB, EBB. 

1) BGH, GHF. 

3) Segment of a circle ; semicircle. 

4) Scalene. 

5) b, c, e, i, k. 

7) Square. 

8) Equilateral triangle. 

9) Semicircle and segment of a circle. 



CHAPTER II. 

A Geometrical proposition is a proposal to establish as true some 
new principle, or to show how to effect some new process ; in the 
former case the proposition is called a theorem, and in the latter a 
problem. 

The postulates are problems admitted to be solved, and the axioms 
are theorems admitted to be true without proof. 

The enunciation states the nature of the proposal, first in general 
terms, and then sometimes with reference to some particular diagram ; 
the part of the enunciation which is supposed to be true is called the 
hypothesis, and the inference ' to be deduced is the conclusion. For 
example, in the proposition " If two sides of a triangle are equal, the 
angles opposite to them shall be equal " the hypothesis is that the two 
sides are equal, and the conclusion to be proved is that the opposite 
angles are equal. 

Starting with the hypothesis, processes are effected or assertions 
made, as allowed by the definitions, postulates, and axioms, until the 
conclusion is deduced ; these intermediate steps constitute the construc- 
tion and demonstration. "When a fact has been thus established it may 
be asserted in proving other statements. 

Taking for granted that, in the solution of a proposition, the 
construction is correct, and each step of the demonstration true, let 
us consider how the truth of the hypothesis and that of the conclusion 
depend on one another ; bearing carefully in miud that the truth of the 
demonstration depends on the truth of the hypothesis, and not on the 
truth of the conclusion. 

Suppose a magnitude called A to be equal to another magnitude B, 
and that from that fact a third magnitude C has been proved equal to 
B; then since magnitudes which are equal to the same magnitude 
are equal to one another, we conclude that A is equal to C. Here the 
hypothesis is that A is equal to B, and the demonstration shows C to be 
equal to B ; the conclusion is that A ia equal to C. 
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We do not assert that A is equal to B, out prove that if A is equal 
to B, then A is equal to C. If the supposition that A is equal to B 
turned out to be false, we should not know that the conclusion that A 
is equal to C was also false, for if A is not equal to B, we might not be 
able to prove the intermediate step that B is equal to C. Again, if it 
is true that A is equal to C, it is not ncci-ssarily true that A is equal to 
B; for the demonstration that V is equal to B is dependent on tho fact 
that A is equal to 2?,. and not on the fact that A is equal to 0; therefore, 
given A equal to C, we might not be able to show that B is equal to 0, 
and hence should not know that A is equal to B. Lastly, if the 
conclusion turns out to be false, and every stop in the demonstration is 
correct, that on which the demonstration depends, viz. tho hypothesis, 
must also be false. 

Generally then, it must he remembered that the hypothesis is not 
necessarily true, but that if it is true, the conclusion is true ; but it 
does not follow that if the hypothesis is false tin; conclusion is false; 
establishing the conclusion does not establish the hypothesis, but a 
proof that the conclusion is false is a proof that the hypothesis is 

One proposition is said to be the converse of another when the 
hypothesis of each ia the conclusion of the other, and one proposition 
is said to be the contrary of utother when, with the same hypothesis, 
the conclusion of the one denies that which the conclusion of the other 
asserts. Thus of the proposition : " If A is equal to B, then C is 
equal to D," the converse is : ''11 C is equal to D, then A ia equal 
to B," and the contrary is : " If A is equal to B, then C is not equal 
to D." 

If a proposition be true, it does not follow that its converse is true, 
but proving that the contrary of a proposition is false, establishes the 
truth of the proposition itself. 

The obverse of a proposition is that if tlf. hypothesis 'Is false, the 
conclusion is also false ; t/te obverse of a proposition ie therefore not 
necessarily true. 

TJie cotilrapositive of a proposition is, that if the conclusion is false, 
the hypothesis is (duo false, and this is always true if the proposition 
itself be true. 

Of tlie proposition : " If A is B, then C is D," the obverse is: "If A 
is not B, then C is not D," and the contrapositive is : "If C is not D, 
tlien A is not B." The converse of the obverse of any proposition i» the 
contrapositive of the same proposition. 
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If of a proposition, its converse, its contraposilive and Us obverse, any 
two which are not eoulrapoaitive of one another, be true, all four are 
true. 



One of Euclid's books is supposed by some to have been lost, which 
took a comprehensive view of the subject, and guarded against the 
fallacies into which mon were liable to fall. It is certainly astonishing 
wliat fallacious arguments beginners will accept as proofs ; and the 
learner cannot be too strongly cautioned against boiug misled by false 
arguments. 

In considering the different steps in the demonstration of a pro- 
position, he must be very cautious in accepting as self-evident, any 
statements other than those assumed by Euclid ; and, unless he is able 
to quote the definition, postulate, axiom, or formerly established fact 
on which the truth of a statement directly depends, ho should consider 
it very carefully before admitting its truth. 

The following are particular cases of some of the general principles 
stated in the axioms, and, as such, can be accepted as true, and referred 
to as axioms. 

If the same magnitude bo added to equals the wholes are equal. 

If equak he added to the same magnitude the wholes are equal. 

If the same magnitude be taken from equals, the remainders are 
equal. 

If equals be taken from the same magnitude the remainders are 

If the same magnitude be added to unequals the wholes are unequal. 

If the same magnitude be taken from unequals the remainders are 
unequal. 

Magnitudes which are double of equal magnitudes are equal to one 
another. 

Magnitudes which aro halves of equal magnitudes are equal to one 
another. 

The following facts are assumed by Euclid in his first book to be 
self-evident but not mentioned in his definitions, postulates or axioms : 

(a) A figure is said to he described on or applied to a straight line 
when that straight line becomes one of its boundaries. 

(6) Any one figure may be placed on or adjacent to any other iu 
any required position. 
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: two equal straight lines be p 



q one another ao that a 



extremity of one coincides with an extremity of the other, the other 
extremities coincide. 

(d) If the extremities of two lines which cannot enclose a apace 
coincide, the lines coincide 

(«) If the angular points of two angles coincide in position and the 
containing lines coincide io direction, each with each, the angles are 

(f) If two equal angles be placed on one another so that the 
angular points coincide in position, and one line containing one angle 
coincides in direction with one line containing the Other, then the other 
containing lines are in the same direction. 

(g) If one straight line is a boundary of each of two figures it is 
said to be common to both, and if two angles of two triangles coincide 
they are said to bo common to both triangles. 

(ft) The circumference of a circle cuts any straight line drawn from 
its centre which is greater than the radius of the circle. 

(t) If the centre of a circle is on one side of an unlimited straight 
line, and a point in the circumference is on tlio other side of it, the 
circumference of the circle will cut the straight line in two points. 

(j) If the extremities of a given finite: straight line be the centres 
of two circles, and the given straight line be the radius of each circle, 
the civcumtVrencrs of these circles will cut. 

(k) If the extremities of a given finite straight line be the centres 
of two circles, and if of the radii of these circles and the given line any 
two whereof are to-ctlnr givnte-r than the third, the circumferences of 
the cb-cles will cut. 

(I) Of any two magnitudes there is one that is not greater than the 

(m) Of any two unequal magnitudes one must be greater than the 
other. 

(n) One magnitude cannot be both equal to and greater than 
another. 

(o) If one magnitude is not equal to nor less than a second magni- 
tude, the first is greater than the second. 

(;;) The whole is equal to all its parts together. 

(</) If a magnitude is double of one of two equal magnitudes, it is 
also double of the other. 

(r) If two magnitudes are equal tbey arc together double of one of 
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(a) If one magnitude is equal to a second, any multiple of the first 
is equal to the same multiple of the second. 

(() If one of two equal magnitudes be greater than a third theu the 
Other of the two equal magnitudes is also greater than the third. 

(u) If (i magnitude be greater than one of two equal magnitudes it 
is also greater than the other. 

(v) If of three magnitudes the first is greater than the second and 
the second is greater than the third, much more then is the first 
greater than the third. 

(mi) If one magnitude is greater than a second and another magni- 
tude he added to each, the first whole is greater than the second whole. 

(x) Any one of two unlimited straight lines may he assumed to be 
greater than a given part of the other, or any other finite straight line. 

(y) The straight line which (li vides the attgle of a triangle into any 
two parts, will, if produced, cut the opposite side. 

(s) A straight line drawn from a point without a triangle, parallel 
to one of its sides, will, if produced far enough, cut the other sides of the 
triangle or those sides produced. 

(A) An unlimited straight line drawn parallel to one side of a 
parallelogram from a point without it will cut the adjacent aides 
produced. 

(B) If a straight line out one of two or more unlimited parallel 
straight lines, it will, if produced, cut the others. 

(C) If through any two angular points of a triangle parallels bo 
drawn to the opposite sides, these parallels will meet if produced. 

(Z>) If two straight lines are respectively parallel to two other 
straight lines which meet at right angles to one another, the first two 
straight lines will meet if' produced far enough. 

(£) If a square l>e described on the hypotenuse of a right-angled 
triangle, a straight line drawn from the right angle parallel to one of 
those sides of the square which are adjacent to the hypotenuse will if 
produced far enougli cut the hypotenuse and the side of the square 
which is opposite to the hypotenuse. 

(F) The squares on equal straight lines are equal, and the sides of 
equal squares are equal. 

(G) If the conclusion of a theorem is false the hypothesis is false, 
or, in other words, no false statement can be a oeoosnxy consequence oi 
a true statement. 

Of the above staff-men tin, some are axioms, some definitions, and some 
pustulates. 
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They are not advanced as the additional axioms &c. necessary for the 
rigid Bupport of Euclid's system of geometry, for many of them are 
theorems which could he demonstrated, and in some cases could l>e 
included in fewer and more general principles. 

They are limply feet* which the student must be prepared to accept, 
and are mentioned here in order that every statement made in the 
propositions may Vie directly supported hy a reference. 



In the demonstrations of some of the following theorems, false 
arguments have been purposely introduced ; the student is advised to 
examine carefully each assertion iuade, and, if it be true, to quote the 
definition, postulate, or axiom, upon which its truth depends, or if it be 
false, to explain clearly why it is so. He should also point out any 
instances in which self-evident truisms, other than those assumed by 
Euclid in his axioms, have been inserted. He is warned that the 
diagrams may have been drawn with a view of deceiving him by an 
appeal to the eye, and that theorems may have been asserted to he 
generally true, when only some particular cases have been investigated ; 
he is also cautioned against accepting as true, without proof, the converse 
of any assumed fact. 

(20) Magnitudes whicli are equal to equal magnitudes each to each, 
are equal to one another. 

Let A, B, C and D be four magnitudes such that A is equal to B, 
then, if C he equal to A, and 1) he equal to B, C shall be equal to B. 

For because R and C are each of them equal to A, therefore B is 
equal to (Axiom I.). Again, because C and D are each equal to B, 
therefore G is equal to D (Axiom L). 

(21) A, B, C and D are four magnitudes of the same kind, such 
that A is not equal to B, and C is not equal to D, but B is equal to C ; 
it is required to prove that A is not equal to D. 

Since A is not equal to B, and C is not equal to D, therefore A 
together with C is not equal to B together with D. But C is equal to 
B, therefore A is not equal to D. 

(22) A, B, C, D, E and F are six magnitudes of the same kind, 
such that A is equal to C, and E is equal to F; it is required to show 
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that if A together with B is not equal to C together with D, then B 
together with E is not equal to D together with F. 

Since A together with B is not equal to C together with D, and A is 
equal to C, therefore B is not equal to D ; but E is equal to F, there- 
fore B together with E is not equal to D together with F. 

(23) A quadrilateral figure ACBD is divided by one of its diago- 
nals AB into two acute-angled scalene triangles ; it is required to prove 
that ACBD is a trapezium. 




Since the triangle ABC is scalene, therefore AC is not equal to BC, 
therefore ACBD is not a square; for the same reason it is not a rhombus. 

Again, because ABC is an acute-angled triangle, the angle ACB is 
not a right angle, therefore ACBD is not an oblong; also, because AC 
is not equal to AB, and because BD is also not equal to AB, therefore 
AC is not equal to BD, therefore ACBD is not a rhomboid ; and it has 
been shown to be neither a square, oblong, nor rhombus, therefore it is 
a trapezium according to Euclid's definition of a trapezium. 

(24) A BCD is a quadrilateral figure having no two of its sides 
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equal to one another; if BD be joined it is required to prove that 
either ABD or BJDC is a scalene triangle. 

Because AB is not equal to DC, therefore AB and DC are not each 
equal to BD; similarly, BC and AD are not each equal to BD, AB and 
BO are not each equal to BD, and AD and DG are not each equal to BD. 

If neither AB nor AD be equal to BD, then, since they are also not 
equal to one another, ABD is a scalene triangle. If AB is equal to BD, 
then neither BC nor DC is equal to BD and BCD is scalene. If AD is 
equal to BD, then neither BC nor 2>(7 is equal to BD, and j5C2> is 
scalene ; therefore either ABD or BCD is scalene. 

(25) Let ABC be a triangle; it is required to prove that the 
angles CBA and CAB are together less than two right angles. 




Produce CA to F, and CB to G, and 2L1 both ways to D and -#, D 
being on the side of CF remote from B. 

Then because the one straight line DE falls upon the two other 
straight lines FC and GG, which meet, when produced, at G 9 therefore 
the two interior angles upon the same side of the line, viz. CAB and 
CBA, are together less than two right angles. 

(26) An equilateral triangle ABC, and a scalene triangle ADE, 
have the same vertical angle at A, and the point D is in AB produced ; 
it is required to show that BD is not equal to CE. 

A 
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AD is unequal to AE> and AB is equal to AC ; but if equals be 
taken from unequals the remainders are unequal ; therefore BD is not 
equal to CE. 

In (21) there is a false argument; for it is assumed that if 
unequals be added to unequals the wholes are unequal ; the absurdity 
of this can be easily shown thus : — . 



A - B 



Let AB and DE be two equal straight lines, and let AB be divided 
into two unequal parts at the point C, so that AC is greater than CB ; 
suppose from DE a part DF be cut off equal to CB. 

Then AC is unequal to DF, and CB is unequal to EF, but AC 
together with CB is equal to DF together with EF. 

In (23) the conclusion that AC is not equal to BD is false; for 
magnitudes which are unequal to the same magnitudes are not neces- 
sarily unequal to one another ; but, although there is a false step in the 
demonstration, it does not follow that the conclusion is false. 

In (25) although the conclusion is true, the demonstration is 
unsatisfactory, for the converse of the 12th Axiom is assumed. The 
axiom allows us to assume that, if the angles CAB and CBA are to- 
gether less than two right angles, FA and GB would meet if produced, 
but not that> if FA and GB meet, the angles are together less than 
two right angles. The construction for the proof was, of course, un- 
necessary. 

In (26) the error is that all possible cases have not been investi- 
gated. The point E might be in A C, and then AC could not be taken 
from AE. 
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following propositions are set as exercises on the student's know- 
ledge and direct application of the definitions, postulates and axioms : 

(27) ACBD is a straight line, such that AB is equal to CD; 
prove that AC is equal to BD. 

(28) ABODE is a straight line ; if AC is equal to BD, and BD is 
equal to CE, and A Bis equal to BC ; prove that CD is equal to DE. 

(29) ABODE is a straight line bisected at C, and AD is equal to 
BE; prove that BO is equal to CD. 

(30) ABODE and FOC1I1 are diameters of the larger of two con- 
centric circles, cutting the circumference of the smaller circle in the 
points B, D, and II. If a diameter of the smaller circle is equal to 
a radius of the larger, prove that CG is equal to AH. 

(31) Prove that any two adjacent angles of any parallelogram are 
not together less than two right angles. 

(32) An equilateral triangle ABO is described on the side BC of 
the square BODE; why is AB equal to DE, and why is the angle CBE 
equal to the angle ODE 1 

(33) On AB, a side of the square ABGD, a rhombus ABEF is 
described j why is AD equal to AFt 

(34) ABC and DEF are two circles having the same centre ; 
OAD and OBE are radii of the greater circle, cutting the circumference 
of the smaller (Brule at A and B ; show that AD is equal to BE. 

(35) The sides AB and AC of the equilateral triangle ABO are 
produced to D and E, so that BD and EC are each equal to BC, and 
DE is joined ; show that A DE is an isosceles triangle. 

(36) ABODE is a polygon such that, if BE is joined ABE is an 
acute-angled triangle, anil BODS is a square ; prove that ABC is an 
obtuse angle ; and, if all the sides of the polygon are equal, prove that 
ABE is an equilateral triangle. 

(37) ABC is a scalene triangle: 
described, cutting All in D, and AC h 
to EO. 

(38) PQRS is a rhomboid ; 
and on PS an equilateral triangle PTS is described ; show that XY is 
equal to TS, and that PT is not equal to BS. 

(39) Two acute-angled triangles, ABC and ODE, have their bases 
in the same straight line BE, and are on the same side of it ; prove that 
BA and DE are not parallel. 

(40) ABCD is a trapezium, E a point in the side AB, Fa. point in 
the side BC, a point in the side CD, and // a point in the side AD ; 



from the centre A a circle is 
i E ; show that DB is not equal 



i RQ a square QKYR is described, 
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if the straight lines EG and HF each bisect the trapezium and intersect 
at 0, prove that the figures EOFB and HOGD are equal. 

(41) An equiangular triangle ABC has one of its sides, AB, pro- 
duced to D, and DC is joined ; taking for granted that the angle ABC 
is greater than the angle ADC prove that the angle ADC is less than 
the angle ACD. 

(42) An acute-angled triangle ABC has a square AFGB described 
on the side AB, and also the square ACDE described on the side AC. 
If both squares are exterior to the triangle, prove that the angle FAC 
is equal to the angle BAE. 

(43) ABC is a triangle, and a straight line DE is drawn through 
the point B, so that the angles DAC and EAB are equal ; prove that 
the angles DAB and EAC are also equal. 

(44) ABC is an acute angle ; through the point B a straight line 
DBE is drawn at right angles to AB, and also a straight line FBG is 
drawn at right* angles to BC> the extremities D and F being on the 
same side of AB ; prove that the angle ABG is equal to the angle DBC 9 
and that the angles DBF and ABC are also equal. 

(45) ABCD is a parallelogram ; its side CD is produced to E, and 
the points B and E are joined by a straight line cutting AD at F; if 
the parallelogram ABCD is equal to the triangle EBC 9 prove that the 
triangles AFB and EFD are equal. 

(46) ABCD is a rhombus; assuming that its opposite sides are 
parallel, shew that one of its angles, BAD or ADC is an obtuse angle, 
by proving the falsehood of the contrary of this proposition, 

(47) The diagonals of the quadrilateral ABCD intersect at E ; if 
the angle CBA is equal to the angle CAB, prove that the angle DAB is 
greater than the angle DBA, 

(48) ABCD is a quadrilateral figure, AC and BD its diagonals; if 
the triangle ABD is equal to the triangle ABC, prove that the triangle 
ADC is equal to the triangle BDC. 

(49) ABC is a triangle bisected by the straight line EC, which 
meets AB at E, and also by the straight line BD which meets AC at D, 
and cuts CE at ; prove that the triangles EOB and DOC are equal, 
and also that the triangle BOC is equal to the quadrilateral AEOD. 

(50) ABCDE is a polygon, the straight lines EC, AD, and AC are 
drawn ; assuming that the triangle ACD is half of the polygon, that the 
triangle ACE is half of the triangle ACD, and that the triangles ABC 
and AED are equal ; prove that the straight line EC bisects the polygon. 

(51) ABCDEFia a six-sided polygon; the straight lines FB, FC 
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and FD are drawn; supposing that the angles AFC, BFD and CFE 
are equal, and also that the angle AFD is equal to the angle BFE, 
prove that the angles AFB and BFC are also equal. 

(52) The distance of any point in a straight line from the bisecting 
point of the same straight line, is equal to half the difference of tbe 
distances of the same point from the extremities of the same straight 
line. 

(53) Prove by the indirect method that a circle cannot have more 
than one centre. 

(54) What is a geometrical proposition, and into what two classes 
are propositions divided ? 

(55) Explain the meaning of the word hypothesis, and define the 
terms problem and theorem. 

(56) Assuming that the demonstration of a proposition is correct, 
which of the following statements are true % 

(a) If the hypothesis is true, the conclusion is true. 
(6) If the hypothesis is true, the conclusion is false. 

(c) If the hypothesis is false, the conclusion is true. 

(d) If the hypothesis is false, the conclusion is false. 

(e) If the conclusion is true, the hypothesis is true. 

(f) If the conclusion is true, the hypothesis is false. 

(g) If the conclusion is false, the hypothesis is false. 
(A) If the conclusion is false, the hypothesis is true. 

(57) Write down the contrapositive, converse, oboerse, and contrary 
of the following proposition : 

" If the three sides of one triangle be respectively equal to the three 
sides of another triangle, each to each, then the superficial areas of the 
triangles are equal, 

(58) Given that if ' W is equal to X, then Y is equal to Z, state which 
of the following propositions are necessarily true or false in consequence: — 

(a) If Wis not equal to X, then Y is not equal to Z. 

(b) If Y is equal to Z t then W is equal to X. 

(c) If Y is not equal to Z, then W is not equal to X. 

(d) IfWis equal to X, then Y is not equal to Z. 

(e) If Y is not equal to Z, then W is equal to X. 
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The object of Geometry is the idea of the position of points, lines 
etc. in space, and not the so called figures to which the eye is directed. 

Learners are very apt to make the appearance of the figures the 
hypothesis, e.g. to take for granted that lines are equal because they 
appear equal 

The diagrams which accompany propositions are used simply as an 
assistance to the memory by an appeal to the eye ; it is not about them 
that the arguments in the propositions are made, and they are by no 
means necessary to the proofs. 

The following questions should be answered without the aid of 
diagrams ; or should this in any case prove beyond the student's powers, 
he should assist his memory by merely placing the different letters in 
position, drawing no diagrams. 

(59) ABC is a circle, of which AB is a diameter, and D the centre ; 
which is the greater, the triangle A BC or the triangle DBG ; and by 
what axiom 1 

(60) ABGD is a square of which BD is a diagonal ; which is the 
greater angle ABD or BCD ] 

(61) The side A B of an oblong ABGD is produced to E, and the 
points B and D are joined ; what kind of angles are CDB and DBE 1 

(62) ABC is a circle, of which AC is a diameter, and AC and BC 
are joined ; which is the greater segment, ABC or BAC1 

(63) The diagonals of a quadrilateral figure each divide it into two 
right angled isosceles triangles, the equal sides containing the right 
angle, and a diagonal being opposite to it in each triangle. What is the 
figure? 

(64) A triangle EDC is described on the side DC of a square 
ABCD 9 so that the point E is in AB. If the quadrilaterals AEGD and 
EBCD are equal, prove that the triangles A ED and EBC are also 
equal. 

(65) AB and CD are two diameters of the same circle, cutting one 
another at the point ; a straight line drawn from B cuts DC produced 
at E. Prove that the triangle BOE is not equilateral. 

(66) The equal sides AB and AC of an isosceles triangle ABC are 
produced equal distances to D and E respectively; BE and DC are 
joined. Which two triangles thus formed have two sides of the one 
equal to two sides of the other, each to each 1 
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{G7) Two parallelograms on the same base, antl on the same side of 
it, have their sides opposite to the common base terminated nt the same 
point ; how many triangles are formed by the sides of the parallelo- 
grams? 

(68) ABCD is a circle. ; if the arc A BC is equal to the arc BOD, 
name two other equal arcs. 

The careful drawing of diagrams with the aid of instruments is of 
great assistance to the student in the pur.s'iit of geometrical knowledge, 
and the more closely he can approach to the mathematical accuracy (to 
which it is impossible for him to attain) the more valuable does such aid 
become. 

Of course the use of his instruments cannot /trove to him any 
geometrical fact, but it may make him better acquainted with the 
properties of figures already investigated, or lead liitn to suspect other 
properties which subsequent mathematical investigation may prove to 
be true. 

Trial with instruments might lead one to suppose that the circum- 
ferences of two circles cannot cut at more than two points, but it would 
by no means do to take in consequence that property of the circle for 
granted. 

The following examples are set as exercises in the accurate use of 
instruments; the student using in reality those instruments which the 
postulates allow Euclid to use in imagination. 

(69) Draw a straight line AB, meeting another, BC at the point B, 
and let BC be greater than AB; from the centre B and with BC as a 
radius, describe a circle, and from the centre C with CB as a radius, 
describe another circle, the circumferences cutting at D ; join DB and 
BC ; from the centre B with BA as a radius, describe & circle its 
circumference cutting DB at E ; from the centre I), with DE as a 
radius, describe a circle its circumference cutting DC at F. FC ought 
to be equal to AB. 

(70) With a given straight line as a radius, and its extremities as 
centres, describe two circles ; join the points of intersection of the 
circumferences of these circles ; the two lines ought to bisect each other 
at right angles. 

(71) In a straight line AB take a point C ; with C as a centre 
describe a circle its circumference cutting AB or AB produced in D and 
E; with D and E as centres and DE as radius, describe two circles their 
circumference cutting one another at F ; join FC. FC should be at 
right angles to AB. 
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(72) Draw two straight lines AB and CD not at right angles to 
one another ; with C and D as centres and CD as radius describe two 
circles ; join the points of intersection of the circumferences of these 
circles, and produce the line so joined, if necessary, to cut AB produced, 
if necessary ; at E. E ought to be at a point in AB equally distant 
from C and D. 

(73) Let ABC be a scalene acute-angled triangle, with A as a 
centre describe a circle its circumference cutting AB at D and AC at E ; 
with D and E as centres and DE as a radius, describe two circles ; let 
the straight line joining the points of intersection of the circumferences 
of these circles, produced if necessary, cut BC at G. G should be a 
point in BC equally distant from AB and AC, produced if necessary. 

(74) Describe a circle and join A and B, two points in its circum- 
ference; with A and B as. centres, and AB as radius, describe two 
circles cutting one another at C and D; join CD, producing it if 
necessary to cut the circumference of the original circle at E and F; 
with E and F as centres, and EF as radius,, describe two circles their 
circumferences cutting one another at G and H ; join GH cutting EF at 
K. K ought to be the centre of the original circle. 



CHAPTER III. * 

Euclid, in his first book, treats of the construction and properties 
of triangles and parallelograms ; and does not shew the properties of any 
other figures; the circle he defines and then uses simply as an 
instrument. The corollaries to Proposition 32 are not Euclid's. . 

Before proceeding further, let the student read carefully the first 
twelve propositions. He will notice that every assertion made is 
supported either by reference to one of Euclid's formerly assumed or 
established facts, or, in cases where this cannot be done, by letters which 
refer to the statements mentioned on page 11. ' 

Euclid's first three problems establish his right to a freer use of the 
imaginary instruments allowed him by the postulates, by showing that 
he may use compasses which will remain open and a ruler with which 
he can add or subtract straight lines ; and, when he has established the 
properties of triangles enunciated in the fourth and eighth propositions, 
he is able, with such instruments, to bisect straight lines and angles, 
and to erect perpendiculars. 

I. 1. Euclid, in his first proposition, assumes that the circumferences 
of the two circles will cut one another. This assumption is a weak 
point in the argument, and his authority for it cannot be quoted. If a 
beginner will admit without question that the circumferences will cut, 
he will probably admit also that they will cut at two points, and at not 
more than two ; now Euclid, whilst assuming the one fact, thinks it 
necessary to give, in his third book, a proof of the other. If it be 
admitted that the circumferences cut at two points, then two 
equilateral triangles can be described, one on each side of the line, and 
it is to be noticed that Euclid, in his ninth proposition, directs us to 
describe an equilateral triangle on one particular side of a line. In the 
first proposition he also assumes that two straight lines cannot have a 
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common segment ; if such a thing were possible, the diagram might be 
thus : — 




I. 2. In the second proposition it is assumed that the circumferences 
of the circles will cut DF and DE in G and L ; that is to say, Euclid 
takes for granted that any straight line drawn through the centre of a 
circle will, if produced far enough, cut the circumference. Every other 
inference he draws is directly supported by a definition, postulate, 
axiom, or former proposition. The student must however closely 
consider whether the proof holds good in every relative position of the 
given point and line. 

Let him test the accuracy of the construction by the careful use of 
instruments in the following cases, observing rigidly the directions and 
arguments of the proposition. His instruments should show him that 
practically the construction is correct, and the demonstration should 
convince him of its mathematical truth. 

In each case there will be four diagrams to be drawn, for the point 
may be joiued to either end of the line, and the equilateral triangle 
may be described on either side of the line so joined. 

(75) Let the given point be in the given straight line, but not at an 
extremity of it. 

(76) Let the given point be in the direction of the given line 
produced. 

(77) Let the given point be on the circumference of the first 
circle. 

(78) Let the given point be- outside the first circle. 
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i some cases the problem could be solved by producing the sides 
of the equilateral triangle through the vertex, but this would not be a 
general solution. 

To produce DA to E means to produce it through A, not through D. 







In the above diagram, let A and BC be respectively the given point 
and line, and let the construction be as directed in the proposition, DA 
and DB being produced through D. If the text be followod with 
reference to this particular diagram it will be noticed that the circum- 
ference C'CIl does not cut DF. 

If DF is held to mean FD produced, then the position of L is 
ambiguous ; if L is between 1) and E the proof fails. 

When the point is at an extremity of the given line, there are, by 
Euclid's method, only two solutions; although, by simply describing a 
circle, any number of lines could be drawn equal to the given line. 

In any other case tlio construction might be worded thus : Draw 
a straight lino from the given point to either extremity of the given 
line, and, on either side of the line so drawn, describe au equilateral 
triangle ; with that extremity of the given line to which the point is 
joined as a centre, and the given line as a radius, describe a circle ; 
produce tho siilo of the, equilateral triangle which is terminated at an 
extremity of the given line, away from the vertex to meet the circum- 
ference of the circle ; with the vertex of the equilateral triangle as a 
centre, and the line last produced as a radius, describe another circle ; 
produce the other side of the equilateral triangle away from the vertex 
to ineet the circumference of the hist circle. The produced part is the 
line required. 
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The following are given to show a few of the forms which the 
diagram of L 2. might assume with the construction as given on 
page 25. 
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I. 3. In the third proposition Euclid assumes without authority 
that the circumference of the circle will cut AB. There are always two 
solutions to this proposition, for the part can be cut off from either end 
of the greater line. 

I. 4. Geometrical figures exist in imagination only, and can as 
easily be pictured to the mind in one position as in another. Euclid, 
without claiming it as a postulate, directs one figure to be removed 
from its original position, and placed on another figure. His object in 
so doing is to conclude the equality of the two figures by showing that 
their boundaries can be made to coincide with each other. This method 
of testing the equality or inequality of space magnitudes is known as 
superposition. Euclid seems to have had some objection to the method, 
and did not make use of it when it could be avoided; in modern 
systems of geometry it is much more generally applied. 

When the triangle ABC is placed on the triangle DEF, as in Prop. 4, 
so that A is on 2), and AB on DE, then if there were no restrictions as 
to the relative magnitude of the sides and angles, the triangles might 
fall thus or otherwise, without coinciding. 



DA 




First, it is because AB is equal to DE, that B and E coincide ; but 
if the angle BAC were not equal to the angle DEF, the triangles might 
fall thus, or otherwise ; 




Secondly, even when the angle BAC is equal to the angle EDF, if 
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we did not know that AG was equal to DF y the triangles might fall 
thus or otherwise ; 




Thirdly it is because DF is equal to AC, that C and F coincide, but 
still the triangles might fall thus or otherwise ; 



AD 




and, lastly, since two straight lines cannot enclose a space, they coincide 
thus: 



AD 




A close examination of the fourth proposition will shew the student 
that, besides assuming the right to superpose the triangles, Euclid 
assumes the converse of the eighth axiom, a definition of coincident 
angles, and the fact that a theorem is true if its contrary is false. 
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is true of straight lines and of 
ample, a square may be equal 
de to coincide. 

nsideration, admit that if one 
o that the boundaries of the one, 



The converse of the eighth a 

angles, hut not of all magnitudes; fore 
to a rhombus, but they could not bo ma 

The ettident must not, without ec 
plane figure can be placed on another, s 
coincide with the boundaries of the other, each with each, the figures 
themselves must coincide. It is quite true that two plane figures so 
placed cannot enclose a space, and that therefore they do coincide and are 
equal, but still the question v:hy remains unanswered. Euclid, whilst 
assuming this fact, considers ir. necessary to prove, in his eleventh book, 
that the common section of two planes which cut, is a straight line. 

Euclid does not, prior to this proposition, give any definition of 
what is meant by the coincidence of angles; but we can, from the 
demonstration, infer what he means when he says : " angles coincide 
and are equal." The eighth axiom, translated from the Greek text, 
is thus: — Things which can be fitted upon, or which coincide with 
each other, are equal. The student must clearly understand that an 
angle which is the inclination of two straight lines several miles in 
length, may be fitted on, and be said to coincide with, another angle 
which is contained by lines only a few inches in length. 

The student should now write out or repeat the fourth proposition 
ith each of the following diagrams. He will notice that he is not 
asked to deduce all the conclusions as enunciated by Euclid. 





(79) In the triangles PQR and STV\ 

Given PQ equal to SV, PR equal to ST, and the angle QPR equal to 
the angle VST. 

It is required to prove that QR is equal to TV, the angle PQR 
equal to the nngk SVT, and the angle PRQ equal lo the angle STV. 
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(80) In the triangles AFC and AGB, (which overlap and partly 
fill the same space) ; 

Given AB equal to AC, and AG equal to AF, and the angle FAC 
equal to the angle GAB ; 

It is required to prove that FC is equal to GB, the angle ABG 
equal to the angle ACF t and the angle AFC equal to the angle AGB. 




(81) In the triangles FBC and GCB, (which overlap and partly 
fill the same space) ; 

Given FB equal to GC, and FC equal to GB, and the angle BFC 
equal to the angle CGB ; 

It is required to prove that the angle FBC is equal to the angle 
GCB, and tfie angle BCF equal to tJie angle CBG. 




(82) In the triangles A DC and BDC ; 

Given that AC is equal to BC, CD common to tlie two triangles 
ACD and BCD, and the angle ACD equal to the angle BCD ; 
It is required to prove that AD is equal to BD % 
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I. 5. The above being the diagram for the fifth proposition, the 
triangles 





which partly occupy the same space, thus 




are, by the fourth proposition, equal in all respects; but it is not 
necessary to show, as Euclid does, the triangles themselves equal in 
order to deduce the result. 

Also the triangles 
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which partly occupy the same space, thus : — 




are, by the fourth proposition, equal in all respects. 

A corollary to a proposition is an inference which may be deduced 
immediately from that proposition. 

Nine corollaries are usually stated to the propositions of the first 
book ; in the case of four only of these is it shewn how the iuference 
can be be deduced. The student should write out rigid demonstrations 
of the others. 

I. 6. The sixth proposition is the converse of one part of the fifth. 
When Euclid has to establish the converse of a theorem already proved, 
he almost always uses the indirect method of proof ; that is to say, he 
shows the proposition to be true by proving its contrary to be false. 
There are in the first book instances of a proposition and its converse 
being both proved directly, and there are also cases in which both are 
proved indirectly. 

This indirect method of proof is known as "Reductio ad absurdum." 
It is perfectly rigid, but is sometimes regarded as being less satisfactory 
than a direct proof, inasmuch as it does not show why the theorem is 
true. 

Here the student should refer back to page 9, and let him, in 
particular, distinguish clearly between the converse and the contrary of 
a proposition. 

The converse of a proposition is not necessarily true, but, if the 
contrary is false, the proposition must be true. 

In his sixth proposition Euclid proves that the sides of the triangle 
are equal, by showing that they cannot be unequal. 

This proposition is not required by Euclid in his first book, and 
might have been proved directly by the twenty-sixth proposition. 

I. 7. This proposition is demonstrated only in order to prove the 
eighth proposition. The student would find any attempt to convince 
himself of the truth of this theorem by the aid of instruments, imprac- 
ticable, and the proposition affords a very good illustration of the 
unsatisfactory nature of such attempts. It is only the rigid accuracy of 
the demonstration which can convince us that the theorem is true. 

The enunciation of this proposition would, if translated exactly from 
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the Greek text, run as follows : — Upon the same right line, and at two 
different points placed on the same side of it, there cannot be drawn two 
lines equal to two other lines, each to each, and having the same ex- 
tremities as the two first lines. 

I. 8. Euclid's eighth proposition may be proved directly, thus : — 

In the triangles ABC and DEF\ 

Given that AB is equal to DE, AG to DF; and BG equal to EF; 

It is required to prove that the angle BAG is equal to the angle 
EDF. 

A D 




D D 

Let the triangle DEF be applied to the triangle ABC, so that the 

point E may be on the point B 9 and EF on BG, D being on the side of 

BG remote from A. 

Join AD. 

Because EF is equal to BG, 

Therefore F is on C. 

Because BA is equal to BD, 
Therefore the angle BAD is equal to the angle BDA. 

Because GA is equal to CD, 
Therefore the angle GAD is equal to the angle CDA. 

Because the angle BAD is equal to the angle BDAA 
and the angle GAD is equal to the angle CDA,y 
Therefore in case (1) the angle BAG is equal to the angle BDC, Ax. 2. 

(2) the angle BAG is equal to the angle BDC, Ax. 3. 

(3) the angle BAG is equal to the angle BDG. Proved. 
Therefore if two triangles etc. 



Post. 
Hyp. 

Hyp. 
I. 5. 

Hyp. 
1.5. 

"Proved. 



p. o. 



Q. E. D, 

3 
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Euclid does not prove the triangles equal in all respects, but by 
means of the fourth proposition they can easily be shown to be so. 

The student should now write out or repeat the eighth proposition 
with each of the following diagrams. 



(83) 




In the triangles DAF smd EAF; 

Given that DA is equal to EA, DF equal to EF, and AF common to 
each triangle, 

It is required to prove that the angle DAF is equal to the angle 
EAF. 

(84) 




In the triangles DFC and EEC ; 

Given that DF is equal to EF, DC equal to EC, and CF common to 
each triangle, 

It is required to prove that the angle DCF is equal to the angle 
ECF 

I. 9. In the ninth proposition, the condition that the equilateral 
triangle must be described on the side of DE remote from A, is 
necessary, because otherwise E might coincide with A, and then the 
construction would fail. This proposition enables us to divide angles 
into four, eight, sixteen etc., parts, and the tenth proposition enables us 
to do the same to straight lines. 
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L 11. If in the eleventh proposition, the given point is an extre- 
mity of the given line, then the line must be produced. 

The corollary to this proposition is not Euclid's ; the demonstration 
is faulty, and moreover, as has been pointed out, the principle has been 
asserted as true before the attempt to prove it. 

If Euclid had worded his tenth axiom thus ; — " If two straight lines 
coincide in two points, they coincide between these points, and also 
when produced," then this corollary would not have been necessary. 

It has been suggested that, as a corollary to the thirteenth proposi- 
tion, it might have been proved thus : — 




Suppose that the straight lines ABC and ABD have a common seg- 
ment AB. 



From B draw any straight line BE. 

Because the angles ABE and CBE are together equal 
to two right angles, 
and the angles ABE and DBE are together equal 
to two right angles, 
Therefore the angles ABE and CBE are together equal 
to the angles ABE and DBE. 



Post 1. 

I. 13. 

I. 13. 

Ax. 1. 



Became the angles ABE and CBE are together equal 

to the angles ABE and DBE, Proved. 

Therefore the angle CBE is equal to the angle DBE. Ax. 3. 

Because, if ABC and ABD have a common segment, 

the angle CBE is equal to the angle DBE 9 Proved, 

and this is impossible. Ax. 9. 

Therefore two straight lines cannot have a common segment. 

It is to be noticed that BE must be drawn so as not to fall between 
BD and BC, nor to coincide with either. 

3—2 
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I. 12. In the twelfth proposition, CD is joined, because postulate 
three requires a radius of a circle to be given before the circle can be 
described. In the enunciation of this proposition the line is said to be 
of an unlimited length, to ensure the circumference of the circle cutting 
it in two points. 



The following are given as exercises on the first twelve propositions. 
When the words " vertex of a triangle " is used, it means one of the 
angular points, and the side opposite to the vertex is called the base. 
A bisector of an angle is a straight line which divides the angle into 
two equal parts ; and the bisector of an angle of a triangle is terminated 
at the opposite side. 

(85) Describe on one of the smaller sides of a rhomboid an isosceles 
triangle, having each of its equal sides equal to one of the larger sides 
of the rhomboid. 

(86) Draw a straight line equal to the sum of two given straight 
lines. 

(87) Draw a straight line equal to the difference of two given 
unequal straight lines. 

(88) Produce the smaller of two given unequal straight lines, so 
that it may become equal to the greater. 

(89) Produce a straight line, so that the whole length thus pro- 
duced may be three times as long as the part produced. 

(90) Divide a right angle into four equal parts. 

(91) The diagonals of a square are equal. 

(92) A diagonal of a square bisects the square. 

(93) If the diagonals of a quadrilateral bisect one another at right 
angles, the quadrilateral is equilateral. 

(94) If the perpendicular from the vertex on the base of a triangle 
bisects the base, the triangle is isosceles. 

(95) The bisector of the vertical angle of an isosceles triangle bisects 
the base. 

(96) The bisector of the vertical angle of an isosceles triangle is 
perpendicular to the base. 

(97) The opposite angles of a rhombus are equal. 
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(98) A diagonal of a rhombus is a bisector of two of its angles. 

(99) The straight line drawn from the vertex to the middle point 
of the base of an isosceles triangle, is a bisector of the vertical angle. 

(100) The straight line drawn from the vertex to the middle point 
of the base of an isosceles triangle, is perpendicular to the base. 

(101) If the three sides of one triangle are equal to the three sides 
of another triangle, each to each, prove that the triangles are equal in 
area. 

(102) The diagonals of a rhombus bisect one another. 

(103) The diagonals of a rhombus are at right angles to one 
another. 

(104) Find in a given straight Hue a point, such that its distances 
from two given points, on the same side of the given line, may be equal. 
Is this ever impossible 1 

(105) If two isosceles triangles are on the same base the straight 
line joining their vertices, or that straight line produced will bisect the 
base at right angles. 

(106) In the equilateral triangle ABC, given that AB is bisected at 
D, and AC bisected at E> prove that BE is equal to CD. 

(107) Show that when Euclid bisects an angle, he also, by the 
same construction, bisects a straight line. 

(108) On the same straight line, and on the same side of it, there 
cannot be two equilateral triangles not coincident with one another. 

(109) Find a point equally distant from each of the angular points 
of an equilateral triangle. 

(110) Construct an isosceles triangle, having given the base and the 
sum of the three sides. 

(111) Find, in a given straight line, a point equally distant from 
two given points on opposite sides of the given straight line. When is 
the solution of this problem impossible 1 

(1 12) Two isosceles triangles on the same base and on the same side 
of it, cannot have the vertex of each triangle without the .other 
triangle. 
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The student should now read propositions 13 to 21. 

I. 13. Euclid does not admit the possibility of an angle being 
double of a right angle ; hence the necessity for the line BE in his 
thirteenth proposition. His proof may be compared to that of an 
arithmetician who, refusing to recognize the number ten, proves that 
seven and three are together equal to twice five, by showing that seven 
exceeds five by as much as three is less than five. 

I. 14. Here it will be noticed that one inference is supported by 
reference to three axioms, viz. the eleventh, the sixth and the first 

The argument is as follows : 

One right angle is equal to another ; Ax. 11. 

Therefore two right angles are equal to two others, Ax. 6. 

and the angles ABC and ABD are together 
equal to the angles ABC and ABE. Ax. 1. 

The same remark applies to the similarly supported inference in the 
fifteenth proposition. 

In the general enunciation of the fourteenth proposition the student 
should notice the importance of the words " on the opposite sides of it." 

Proposition 14 translated from the Greek text, the diagram on 
page 102 being referred to, is as follows : 

Let the two right lines BC and BD, not lying on the same side, 
make with the right line A$ and at the same point B, adjacent angles 
ABC find ABD equal to two right angles; I say that BD is in the 
same right line with BC. 

If it be not, let BE be in the same right line with BC. Since the 
right line AB stands upon the right line CBE the angles ABC and ABE 
are equal to two right angles, but ABC and ABD arc also equal to 
two right angles, therefore ABC, ABD are equal to ABC, ABE. Let 
the common angle ABC be taken away, then the remainder ABE is 
equal to the remainder ABD, the less to the greater, which is impossible. 
Therefore the right line BE is not in the same right line with BD. In 
like manner we may show that no other line but BD is in the same 
right line with BC. 

Therefore if two right lines, and so on. 

This proposition is the converse of the thirteenth. 

I. 17. The seventeenth proposition is the converse of the twelfth 
axiom. Euclid assumes the latter in order to demonstrate certain 
properties of parallel straight lines. The axiom is no more self-evident 
than is the proposition, and he might just as well have assumed the 
truth of one as that of the other. 
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I. 18 and 19. The general enunciation of the eighteenth proposition 
would he more clear if it were worded as follows : 

" If one aide of a triangle be greater than another side, the angle 
opposite to the greater side will he greater than the angle opposite to 
the lesser side." Its converse, the nineteenth proposition, would then 
stand thus : " If one angle of a triangle bo greater than another, the 
side opposite to the greater angle will be greater than the side opposite 
to the lesser angle." The student must remember which of these two 
propositions is proved directly. If he compares them with the fifth and 
sixth proposition, he will notice that in the fifth and eighteenth propo- 
sitions, the hypothesis is the equality or inequality of sides, and the 
demonstrations are dire.H , while the converses, the sixth and nineteenth 
propositions, are each proved indirectly. 

I. 20. One of Euclid's commentators says with regard to this 
proposition, that it was at first derided as being loo manifest to require 
a demonstration. Euclid, however, was able to prove it, and therefore 
did not state it as an axiom. He does not say of his axioms that they 
need no proof, but that they admit of none. Every statement which 
can be proved, he does prove. 

L 21. Hero the student must notice the importance of the words : 
"from the ends of a side." Two straight lines drawn from a point 
within a triangle to any two points in one of its sides, need not 
be together less than the sum of the other two sides. 



Let the student now writ'; out rigid di-iinniiiii-ations of the following 
deductions ; taking care to support each one of his statements by a 
reference to one of Euclid's propositions, definitions, axioms or 
postulates. 

(113) If one angle of a triangle is not acute, the other two angles 

(114) If two angles of a triangle are unequal, the lesser is acute. 

(115) In a scalene triangle, all the angles are unequal. 

(11 G) The angles at the base of an isosceles triangle are acute. 
(117) Any three sides of a qiiiidi-ihiteral figure are together greater 
than the fourth side. . 
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(118) Only one perpendicular can be drawn from a given point on 
a given straight line. 

(119) From a given point not more than two straight lines can 
be drawn to a given straight line, each equal to another given straight 
line. 

(120) The perpendicular is the shortest straight line which can 
be drawn from a given point on a given straight line. 

(121) Any straight line drawn from an angular point of an 
equilateral triangle to meet the opposite side produced, is greater than 
that side. 

(122) The side of an isosceles triangle is greater than half the 
base. 

(123) Any side of a triangle is greater than the difference between 
the other two sides. 

(124) The perimeter of a triangle is less than double the sum of 
any two sides. 

(125) The perimeter of a triangle is greater than the double of 
any one side. 

(126) The sum of the straight lines drawn from a point within 
a triangle to the angular points, is less than the perimeter of the 
triangle. 

(127) The sum of the straight lines drawn from a point within a 
triangle to the angular points, is greater than half the perimeter of the' 
triangle. 

(128) Prove the seventeenth proposition of the first book without 
producing a side of the triangle. 

(129) Prove by the indirect method that a straight line cannot cut 
the circumference of a circle at more than two points. 
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The student should now read propositions 22 to 26. 

I. 22. Here it will bo noticed that Euclid assumes without proof 
that the circumferences of the circles will cut each other. The following 
axiom has been proposed to support this assumption, and also the 
similar one in the first proposition. 

If one circle lies partly within and partly without another circle, the 
circumferences of the circles will cut each otlier at two points. 

But if Euclid had claimed this as an axiom, we should still want 
to know why the circles in the first and twenty-second propositions lie 
partly within and partly witiiout each other. The student will probably 
consider that the fact of their doing so is not more manifest than the 
fact that the circumferences will cut each otlier. 

The following has also been proposed as a means of meeting the 
difficulty. 

If a point he taken in the diameter of a circle, the circumference of 
a second circle described with this point us a centre, will cut the 
circumference of the limt circle, provided that the radius of the second 
circle be less than the greater, and greater than the less segment into 
which the diameter is divided by that point. 

I. 24. There is a decided flaw in the demonstration of this propo- 
sition, namely, the assumption that F will fall without the triangle 
DEG, To meet this difficulty, another pi'i'|iosition is necessary, viz.: — 

If a straight line be drawn from one angular point of a triangle, and 
terminated at the opposite side, this straight line is less than that one 
of the other two sides of the triangle, which is not less than the other. 

I. 26. Euclid's foiivt.li. eighth and twenty-si yth propositions show us 
that when, of the three sides and the three angles of a triangle any 
three whatever are given, the others are known ; except when the 
given elements consist of three angles, or of two sides and an angle 
opposite to one of them. 

If the three angles of one triangle are equal to the three angles of 
another trianglo, each to each, it does not necessarily follow that a side 
of the one triangle is equal to a side of the other; nor is it true that, if 
two triangles have two sides of the one equal to two sides of the other, 
each to each, and the angles opposite to a pair of equal sides equal, the 
two triangles must necessarily be equal in all respects; unless indeed, it 
is also given that the angles opposite' to the other pair of equal sides 
are either both acute, or both obtuse, or that one is a right angle, when 
the third sides may be proved equal as follows, and the other elements 
shown to be equal by the fourth proposition. 
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In the triangles ABC and DEF; 

Given that AB is equal to DE, AC equal to DF, the angle ABC 
equal to the angle DEF, and that the angles ACB and DFE are (1) both 
acute, (2) both obtuse, or (3) one a right angle, 

It is required to prove that BC is equal to EF. 





Apply the triangle ABC to the triangle DEF so that A may be on D, 
and AB on DE, and C on the same side of DE as F. 

Because AB is equal to DE, Hyp. 

tlierefore B is on E, and AB coincides with DE. 

Because AB coincides with DE, 
and the angle ABC is equal to the angle DEF, Hyp. 

therefore BC is on EF, 
and C is on F, or in EF or in EF produced. 

Suppose C in EF produced. 

Because DF is equal to DC, Hyp. 

therefore the angle DFC is equal to the angle DCF. I. 5. 

Because the angle DFC is equal to the angle DCF Proved. 
then if the angles DFE and DCE are both acute, or both obtuse, 
the angles DFE and DFC are both acute, or both obtuse, 

which is impossible ; 1.13. 

and, if either the angle DFC or the angle DCE is a right angle, 
the angles DFC and DCF are both right angles, 

which is impossible, I, 13 # 

and similar impossibilities follow if C is in EF 

therefore C does fall on F, 

and BC is equal to EF. 
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(130) Given the base and the angles at the base of a triangle, 
construct tho triangle. 

(131) Construct a triangle, the base, the sum of the other two 
sides, and an angle at the base, being given, 

(132) If the bisector of an angle of a triangle is perpendicular to 
the base, the triangle is isosceles. 

(133) The pcrpendicuhr from the vertex on the base of an isosceles 
triangle, bisects the base. 

(134) The perpendiculars let fall from any point in the bisector of 
an angle of a triangle, upon the two sides containing the angle, are equal. 

(135) The bisectors of the angles at the base of any isosceles 
triangle, are equal. 

(136) Through a given point draw a straight line, such that the 
perpendiculars on it from two other given points, may be equal. 



The student should now read propositions 27 to 33. 

I. 27. The negative nature of Euclid's definition of parallel straight 
lines, makes an axiom on the subject absolutely necessary. The 
twelfth axiom asserts those positive conditions under which straight 
lines must meet if produced which Euclid assumes in order to be able 
to demonstrate certain properties of parallel straight lines, and it 
certainly cannot bo considered altogether self-evident. 

Many attempts have been made to avoid the necessity for this 
axiom, either by proposing now axioms in its place, or by altering the 
definition of parallel straight lines. One definition proposed instead of 
Euclid's runs thus : Parallel straight lines are such as are in the same 
plane, and which neither recede from, nor approach to, one another. 
Another proposal is the insertion, in the place of the twelfth axiom, of 
the following : Two straight lines which intersect, cannot both be 
parallel to the same straight line. In this ease, the definition would 
of course be left unchanged. 

I. 29. The first part of tliis proposition is the converse of the 
twenty-seventh proposition. The student will notice that they are 
both proved indirectly. 

I. 30. If AB were between EF and CD, the wording of the 
demonstration would have to be slightly altered. 
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I. 32. If the demonstration of this proposition did not depend on 
the truth of the sixteenth, it would be a proof of both the sixteenth 
and seventeenth. It shows us that, if two triangles have two angles 
of the one equal to two angles of the other, each to each or together, 
their third angles are also equal. 

The corollaries to this proposition are not Euclid's. In the first 
corollary an axiom is required which Euclid does not assume until his 
fifth book, viz. : — Equimultiples of equal magnitudes are equal to one 
another. 

The second corollary is not true of figures having one or more angles 
greater than two right angles. 




The above represents an enclosed space, which would, according to 
Euclid's definition, be a figure ; the second corollary does not, however, 
refer to such figures. 

The second corollary has been said to be almost self-evident, for the 
several sides may be considered as one straight line moving its position 
about a point, so as to describe four right angles. 

I. 33. In the enunciation of this proposition, the words " towards 
the same parts " mean those ends of the lines which point towards the 
same parts of the plane superficies in which the lines are drawn. 
Translated from the original Greek, these words would be : " on the 
same side." If these words were omitted, the theorem would not be 
true. 



(137) If the opposite sides of a quadrilateral are equal, the quadri- 
lateral is a parallelogram. 

(138) The exterior angle at the vertex of an isosceles triangle is 
double of each of the angles at the base. 
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(139) If a right-angled triangle is also isosceles, each of its acute 
angles is equal to half a right angle. 

(140) Trisect a right angle. 

(141) Describe a square having a given straight line for one 
of its diagonals. 

(142) The diagonals of a parallelogram bisect each other. 

(143) If the diagonals of a quadrilateral bisect each other, the 
quadrilateral is a parallelogram. 

(144) A quadrilateral whose opposite angles are equal is a parallelo- 
gram. 

(145) If the bisector of an exterior angle of a triangle is parallel 
to the opposite side, the triangle is isosceles. 

(146) In an acute-angled triangle any two angles are together 
greater than the third. Is this true of any triangle ? 

(147) The bisector of the exterior vertical angle of an isosceles 
triangle is parallel to the base. 

(148) Divide a right-angled triangle into two isosceles triangles. 

(149) Find the magnitude of an angle of each of the following equi- 
angular figures. 



(a) 


An equilateral triangle. 


, or three-sided figure. 


(») 


A square, 


or four-sided figure. 


(«) 


A regular pentagon, 


or five-sided figure. 


id) 


A regular hexagon, 


or six-sided figure. 





A regular heptagon, 


or seven-sided figure. 


(/) 


A regular octagon, 


or eight-sided figure. 


(9) 


A regular nonagon, 


or nine-sided figure. 


(A) 


A regular decagon, 


or ten-sided figure. 


(•) 


A regular undecagon, 


or eleven-sided figure. 


(i) 


A regular dodecagon, 


or twelve-sided figure. 


(150) 


Through a given point 


draw a straight line, so that the part 


of it intercepted between two given parallel straight lines, may be of a 


given length. 


• 



The student should now read from the thirty-fifth to the forty-first 
proposition. 
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I. 35. In the thirty-fifth proposition ^Euclid departs from his first 
idea of equality, viz. that of coincidence. 

It is to be noticed that when equal and similar figures are taken 
from equal and similar figures, the remainders, although equal, are not 
necessarily similar. 

Although in some cases the equality of two figures which are not 
similar may be proved by dividing each figure into parts which may be 
made to coincide, yet such a method would often be impossible. For 
instance, if from equal circles equal circles be taken, the remainders 
could not, in all cases, be proved equal by coincidence, but would be 
known to be so by the third axiom. 

I. 36. The student should draw diagrams, and consider the demon- 
stration of the thirty-sixth proposition in the following cases : — 

(a) When the point C coincides with the point F. 

(b) When the point C is on the line FG. 

(c) When the point D coincides with the point E. 

(d) When the line DC coincides with the line EF. 

(e) When the point D is in the line EH. 

He should also consider similar cases in the thirty-seventh, the 
thirty-eighth, the thirty- ninth, and the fortieth propositions. 

I. 39. Proposition 39 translated from the Greek text, the diagram 
on page 146 being referred to, is as follows : 

Let ABC, BBC be equal triangles on the same base BC and on the 
same side, I say that they are between the same parallels, for if AD be 
joined I say that it is parallel to BC. 

If not, draw through A, a right line AE parallel to BC, and 
join EC. 

The triangle ABC is equal to the triangle EBC for it is on the same 
base BC and between the same parallels BC and AE 9 but the triangle 
ABC is equal to the triangle DBC, therefore the triangle EBC is equal 
to the triangle DBC, the less to the greater, which is impossible. 
Therefore AE is not parallel to BC, and in like manner we can show 
that no other line but AD is parallel to BC. 

Therefore AD is parallel to BC. 

Therefore equal triangles on the same base, and so on. 

I. 40. Proposition 40 translated from the Greek text, the diagram 
on page 147 being referred to, is as follows : 

Let ABC, DEF be equal triangles on equal bases BC and EF, and 
on the same side ; I say that AD is parallel to BF. 

If not, let AG be drawn through A parallel to BF. 
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The triangle ABC in equal to the triangle GKF because they are on 
equal bases BC, EF, and between the same parallels AG, BF t hut the 
triangle ABC is equal to the triangle DBF, therefore the triangle DEF 
ia equal to the triangle GEF, the greater to the less, which is impossible. 
Therefore AG is not parallel to BF. Tn like manner we can show that 
no other line ia ao but AD. 

Therefore AD is parallel to BF. 

Therefore equal triangles upon equal bases, and so on. 

That case of the fortieth proposition in which the line AC coincides 
with the line DE, is important, for it shows us that, if two triangles 
have two sides of the one equal to two sides of the other, each to each, 
and the angles contained by those two sides together equal to two right 
angles, the two triangles arc equal in area. 

Calling the three .sides and three angles the six elements of a 
triangle, it has been already shown that if two triangles have any three 
elements of the one equal to three corresponding elements of the other, 
each to each, the triangles are equal in all respects, unless the three 
elements are either three angles or two sides and an angle opposite to 
one of those sides. 

Calling the area a seventh element it can be proved that with the 
exceptions mentioned above, if two triangles have any three of the 
seven elements of the one equal to the three corresponding elements of 
the other, each to each, the triangles are equal in all respects, if the 
three elements he not the area and two aides, and it can be further 
proved, without exception, that if two triangles have any four elements 
of the one equal to the corresponding four of the other, each to each, 
the triangles are equal in all respects. 

To prove this statement we must, in addition to what has been 
already proved, show that if two triangles have the following elements 
le one equal to the corresponding elements of the other, each to 
each, they are equal in all respects. 

(a) Two angles and (he area. 

(b) One side, one angle and the area. 

(c) Three angles and the area. 

(d) Two sides, an angle opposite to one side, and the area. 
(a) In the triangles ABC and DEF. 

Gives that the areas are equal, that the angle ABC is equal to the 
igle DEF, and that the angle ACB is equal to the angle DFE ; 
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It is required to prove that the triangles are equal in all respects. 





Apply the triangle ABC to the triangle DEF, so that B may be on 
E, and BA on ED, and C on the same side of ED as F. 

Because the angle ABC is equal to the angle DEF, 

There/ore BC falls on EF Hyp. 

If A does not fall on D, nor C on F, but A is in DE and (7 in EF, 
or .4 in £7) produced, and C in i?^ 7 produced, the impossibility which 
can be shown is that the whole is equal to its part. 

If A is in ED, and C in EF produced, or if A is in ED produced, 
and C in EF, the impossibility which can be shown is that an exterior 
angle is equal to an interior and opposite angle. (In the above diagram 
the angle AVE would be both equal to and greater than the angle DFE.) 

Because an impossibility follows if A is not on D, nor C on F, Proved. 
Therefore either A is on D, or C is on F, 
and the triangles are equal in all respects. I. 26. 

(b) In the triangles ABC and DEF; 

Given that tfie side AB is equal to the side DE, that the angle ABC 
is equal to the angle DEF, and that the areas are equal, 

It is required to prove that the triangles are equal in all respects. 
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Apply the triangle ABC to the triangle BEF, so that A may be on 
Z>, and A B on BE, and C on the same side of BE as F. 

Because AB\& equal to BE, Hyp. 

Therefore B falls on E. 

Because AB falls on BE, Proved, 

and the angle ABC is equal to the angle BEF, Hyp. 

Therefore BC falls on EF. 

Because if C does not fall on F, the whole can be shown 

equal to its part, which is impossible, Ax. 9. 

Therefore C falls on F, and the triangle ABC is equal 

to the triangle BEF in all respects. I. 4. 

The other case of (b), viz. when the given side is opposite to the 
given angle can be best demonstrated after the properties of the circle 
have been discussed. 

(c) is included in (a), and (d) in (b). 



(151) The straight line drawn from the vertex of any triangle 
to the middle point of the base, bisects the triangle. 

(152) If the four triangles into which the diagonals of a quadri- 
lateral divide it are equal in area, the quadrilateral is a parallelogram. 

(153) The four triangles into which a parallelogram is divided by 
its diagonals, are equal in area. 

(154) The straight line joining the middle points of two sides of a 
triangle is parallel to the other side. 

(155) The straight lines which join the middle points of the three 
sides of a triangle, divide the triangle into four equal parts. 

(156) If a quadrilateral having two of its opposite sides parallel is 
bisected by one of its diagonals, it is a parallelogram. 

(157) Any straight line drawn through the middle point of a 
diagonal of a parallelogram, bisects the parallelogram. 



p. G. 
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The student should now read the remaining six propositions of the 
first book. 

I. 43. In the forty-third proposition, as in the thirty-fifth, it is to 
be noticed that the remainders — in this case the complements — although 
equal in area, are not necessarily capable of being superposed so as to 
coincide. 

The student should determine under what conditions the complements 
of a parallelogram are equal in all respects. 

I. 45. In the forty-fifth proposition the rectilineal figure may have 
any number of sides, and can always be divided into triangles ; there 
being in any case two less triangles than sides. There are therefore two 
less parallelograms to be described than there are sides in the given 
figure. 

I. 47. The forty-seventh proposition is a very important one, and 
a great many demonstrations of it have been given. One of these 
demonstrations shows how the two similar squares can be cut in pieces 
and fitted together so as to form the larger square. 

It should be noticed that Euclid, without proof, assumes that BL is 
a parallelogram. 

I. 48. Before the forty-eighth proposition, two additional propo- 
sitions ought to have been proved, viz : — Equal squares are upon equal 
straight lines, and, conversely, The squares on equal straight lines 
are equal. 

In the forty-seventh and forty-eighth propositions we have an 
instance of a proposition and its converse being both proved directly. 
The forty-eighth proposition might equally well have been proved 
indirectly, if the constructed triangle had been drawn on the same side 
of the line AC as the other triangle. 



GEOMETRY. 



51 



If the proposition " If A is equal to B, then C is equal to D " and 
its obverse " If A is not equal to B then C is not equal to D " be both 
true, then we know that the converse, viz. " If C is equal to D then A 
is equal to B " is also true (see page 10). 

The following propositions of Euclid's first book, afford examples of 
the above principle. 



Proposition. 


Obversa 


Converse. 


I. 4 (1). 


1.24. 


1.8. 


I. 8. 


I. 25. 


I. 4 (1). 


I. 5. 


I. 18. 


I. 6. 


1.6. 


I. 19. 


I. 5. 


I. 29 (1) 


I. 16. 


1.27. 


L 29 (2). 


I. 16. 


I. 28 (1). 


I. 28 (2). 


Axiom 12. 


I. 29 (3). 


L 29 (3). 


I 17. 


I. 28 (2). 



(158) The square on the diagonal of a square is double of the 
square itself. 

(159) Construct a rectangular parallelogram, having two adjacent 
sides equal to two given straight lines. 

(160) Describe a square equal to the sum of two given squares. 

(161) Describe a square equal to the difference of two given 
squares. 

(162) In I. 47 the straight lines BG and GH are parallel, and the 
four triangles ABG 9 GAH, KGB and FBD are equal. 

(163) If the perpendicular from the vertex of a triangle divides the 
base into two segments the difference of the squares on these segments 
is equal to the difference of the squares on the sides. 
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CHAPTER IV. 

In the fourth and eighth propositions Euclid superposes the 
triangles, and concludes their equality by showing that they can be 
made to coincide. 

He might also have used the method of superposition to demonstrate 
his twenty-sixth proposition, case 1 directly, and case 2 indirectly. 

The same figure can be imagined in two different positions, and 
then the one concept placed on the other. 

A triangle ABC can be imagined in another position as A!BC\ and 
then ABC applied to A'B'Cf so as to test the equality of the sides or 
angles. In this way propositions five and six can be demonstrated. 

Superposition can prove inequality as well as equality, proposition 
24 can be demonstrated by means of it. 

The following theorems are given as illustrations of the application 
of the method of superposition. 
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In the triangle ABC ; 
given AB equal to A C, 

it is required to prove the angle ABC equal to tlie angle ACB. 





Imagine the triangle ABC in another position as A'B'C. 

Apply the triangle ABC to the triangle A'B'C so that A may be on 
A', AB on A'C and C on the same side of A'C as B'. 

Because AB is equal to A'C\ Hyp. 

therefore J? is on C. 

Because the angle BAC is the same as B'A'C, 
therefore AC is on A'B. 

Because AC is equal to A'B', Hyp. 

therefore C is on B?. 

Because B is on C and C on B', Proved, 

and two straight lines cannot .enclose a space, Axiom. 

■ therefore BC coincides with B f C 
and the angle ABC is equal to the angle A'CB\ that is 

to ACB. 
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In the triangle ABC ; 
given the angle ABC equal to the angle ACB \ 
it is required to provb AB equal to AC. 





Imagine the triangle ABC in another position as A'B'C. 
Apply the triangle ABC to the triangle A'B'ff so that B may be on 
C, BC on CB and A on the same side of BC as A'. 

Because BC is the same as CB, 
there/ore C is on B. 

Because the angle ABC is equal to the angle A'C'B, Hyp. 

therefore A is in C'A'. 

Because the angle ACB is equal to the angle A'BC\ Hyp. 

therefore A is in A'B. 

Because A is in both A'B and A'C, Proved, 

therefore A is on A\ 
and AB is equal to A'C\ 
that is to AC. 
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In the triangles ABC and DEF] 
given that AB is less thorn DE, AG less than DF, and tlie angle BAC 
equal to the angle EDF\ 

it is required TO PROVE that the triangle ABC is less than the triangle 
DBF. 





Apply the triangle ABC to the triangle DEF so that A is on D, AB 
on DE and C on the same side of BE as F. 

Because AB is less than DE, Hyp, 

therefore B is in DE, 

Because the angle BA C is equal to the angle EDF, Hyp. 

therefore A C is on DF. 

Because AC is less than DF, Hyp, 

tlierefore C is in DF, 
and the triangle ABC is less than the triangle DEF, Aociom 9. 
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In the triangle ABC ; 
given that BD and CE the bisectors of t/te angles ABC and A CB are equal, 
it is required to prove that tlie angles ABC and ACB are equal. 




B C W 




B 



Imagine the triangle ABC in another position as A'BC. 
Apply the triangle ABC to- the triangle A'BC so that C may be on 
B' and CE on BIT. 

Because CE is equal to ED', Hyp. 

therefore E faLls on JD\ 
Supposing the angle ACB not equal to A J B'C, let ACB be the greater, 

Because the angle ACB is greater than the angle A' EC Supposed. 

and each is bisected by BD', Hyp. 

therefore BA and BB each falls without the angle A'B'C. 

Join A A 1 . 

In the triangles AOB' and A'OD' ; 

Because the angle AOB is equal to the angle A' 01/, I. 15. 
and the angle OAB is the same as the angle OA'D\ 
t/ierefore the angle ABO is equal to the angle A'B'O. I. 32. 

In the triangles ABA! and AD' A' ; 

Because AB is greater than its part A'D\ Axiom 9. 

and A'B f is greater than its part AD\ Axiom 9. 

and the angle ABA! is equal to the angle AD'A\ Proved. 

therefore the triangle AB A' is greater than the triangle AD' A'. Page 55. 

Take away from each the triangle AOA! and add the quadrilateral 

OB'C'B, 

therefore the quadrilateral AB'C'B is greater than the 

triangle A'BC Axioms 2 and 3. 

Much more then is the triangle ABB greater than A'BC, 

which is impossible. 
Therefore the angle ACB is equal to the angle ABC. 
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MISCELLANEOUS QUESTIONS. 

(164) Define the terms magnitude, space magnitude, postulate, 
axiom, proposition, theorem, problem, hypothesis, construction, demon- 
stration, conclusion, corollary. 

- (165) Define the terms straight or right line, segment of a line, finite 
line, radius of a circle, diagonal, perimeter, hypotenuse, altitude of a 
triangle, base of a triangle, vertex of a triangle, point of section, an angle, 
equal angles, vertical angles, exterior or external angles, interior angles, 
adjacent angles, opposite angles, alternate angles, equal triangles, equi- 
valent triangles, plane figure, regular figure, area, equilateral figure, 
equiangular figure, rectangular figure, rectangle, complements, bisector 
of an angle. 

(166) Name the (a) one-sided, (b) two-sided, (c) three-sided, (d) four- 
sided figures defined by Euclid ; and give the derivations of the names 
given by him to all plane figures having more than four sides. What 
does he call quadrilateral figures which are not parallelograms 1 

(167) Name all the space magnitudes treated of by Euclid in his 
first book, and give examples of magnitudes that are not space 
magnitudes. 

(168) Which of the axioms are true of all magnitudes, and which 
of space magnitudes only 1 

(169) Of how many dimensions of space does Euclid treat in his 
first book? Name them. 

(170) Which of the thirty-six definitions given, are not required 
in the first book 1 

(171) Name the postulates which are assumed, and the problems 
which are proved in the first book. 

(172) Distinguish between the converse and the contrary of a 
theorem ; and also between direct and indirect demonstrations. 

(173) State all the cases in Euclid's first book of a proposition and 
its converse being proved (a) one directly and one indirectly, (6) both 
directly, (c) both indirectly. Name also those propositions whose con- 
verses are true, but are not demonstrated. Are there any propositions 
whose converses are not true ? 

(174) In order to demonstrate his last two propositions, Euclid 
requires twenty-six of his former propositions ; which are they ? 
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(175) Wbioh proposition is not used in the proof of any other 
proposition J 

(176) Mention any propositions which are afterwards included 
in more general theorems. 

(177) In whieh proposition does Euclid prove the converse of one 
of his axioms 1 

(178) In which proposition does Euclid require (a) his definition of 
parallel straight line«, (6) his twelfth axiom t 

(179) Give all the cases in which three of the seven elements of. a 
triangle do not necessarily determine the triangle. 

(180) If the circumferences of two circles cut each other in two 
points the straight line joining these points is bisected by the straight 
line joining the centres of the circles. 

(181) In the triangle ABC, of the four hypotheses— A B is equal to 
AC, AD is a bisector of the angle BAC, AD is perpendicular to BC, 
and AD bisects BC — if any two are true, all are true. State the one 
exception to this theorem, and prove the five other cases. 

(182) Describe a rhombus having one angle double of another. 

(183) If the bisector of an exterior angle of a triangle is parallel 
to the opposite aide, the triangle is. isosceles. Prove also the converse 
of this theorem. 

(184) The bisectors of the angles at the base of an isosceles triangle 
contain an angle equal to an adjacent exterior angle of the triangle. 

(185) If the bisectors of two angles of a triangle contain an angle 
equal to an adjacent exterior uri.de uf (he triangle, lb" trimgle is isosceles. 

(186) Prove indirectly that the straight line which bisects, and is 
perpendicular to the base of an isosceles triangle, will pass through the 

(187) The bisectors of the angles at the base of an isosceles triangle 
are equal. Prove also the converse of this theorem. (See page 56). 

(188) If the perpendiculars drawn from the extremities of the base 
of a triangle on the opposite sides, are equal, the triangle is isosceles; 
and If the triangle is isosceles the perpendiculars are equal. 

(189) If the straight lines drawn from the extremities of the base 
of a triangle to the middle points of the opposite sides, are equal, the 
triangle is isosceles. Prove the converse of this theorem. 

(190) The straight lines drawn from the extremities of the base 
of an isosceles triangle to make equal angles with the opposite sides, are 
equal. Prove the converse of this theorem. 

(191) Construct an isosceles triangle, having given («) the base and 
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the bisector of the vertical angle, (b) the perimeter and the base, (c) an 
angle at the base and the bisector of the vertical angle, (d) the base and 
the sum of one side and the bisector of the vertical angle. 

(192) Construct an equilateral triangle having the bisector of one 
of its angles equal to a given straight line. 

(193) Construct an isosceles triangle equal to a given triangle. 

(194) Construct a right-angled isosceles triangle of given perimeter. 

(195) Construct an isosceles triangle having the vertical angle 
double each angle at the base. 

(196) Construct an isosceles triangle having the vertical angle four 
times the size of one of the angles at the base. 

(197) Construct an isosceles triangle having one third of each angle 
at the base equal to half of the vertical angle. 

(198) Find, in the equal sides AB and AG of an isosceles triangle 
ABC, two points D and E, such that BD, BE and EC may all be equal. 

(199) In the triangle ABC let the angles be called A, B and C, and 
let the sides opposite to these angles be called respectively a, b, c. 
Construct the triangle having given ; — 

(a) a, 6andc. 

(b) a, b and C. 

(c) A, B and c. 

(d) A, B and a. 
(t) a, b, and A a right angle. 
(/) «, b, and A when A is obtuse. 



to) 

<*> 
(0 
0) 

w 

(200) 
angles. 

(201) 
together. 

(202) 
triangles. 

(203) 

(204) 
having 



, b, and A. B being known to be acute. 
a, B and the sum of 6 and c. 
a, B and the difference of b and c. 
a, A and the sum of 6 and c 
a, A and the difference of 6 and c. 

Construct a triangle having given the perimeter and the 

Construct a triangle equal to two other triangles taken 

Construct a triangle equal to the difference of two other 

Construct a triangle, having given the middle points of its 

Construct a triangle equal in area to a given triangle mid 
given ukitude. 
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(205) On a given base describe a triangle equal in area to a given 
triangle, and having one side equal to a given straight line. Is this 
always possible ? 

(206) The sum of the distances of any point from the three angular 
points of a triangle, is greater than the semi-perimeter of the triangle. 

(207) Any two sides of a triangle are together greater than twice 
the straight lines drawn from the included angle to the middle point of 
the opposite side. 

(208) If the hypotenuses of two right-angled triangles are equal, 
and a side of one is equal to a side of the other, the triangles are equal, 
in all respects. 

(209) If two triangles have two sides of the one equal to two sides 
of the other, each to each, and the included angles together equal to 
two right angles, the triangles are equal in area. 

(210) The straight line drawn from an angle of a triangle to the 
middle point of the opposite side, is greater than the bisector of that 
angle. 

(211) The straight line drawn from the right angle to the middle 
point of the hypotenuse, is equal to half of the hypotenuse. 

(212) No two straight lines drawn from the extremities of the 
base of a triangle to meet the opposite sides can bisect each other. 

(213) The straight line which joins the middle points of two sides 
of a triangle, 

(a) is parallel to the third side, 

(b) is half of the third side, 

(c) divides the triangle into two parts, one of which is three 
times as great as the other. 

(214) Find a point in one side of a triangle which shall be equally 
distant from the other two sides, or those sides produced. 

(215) Find a point in one side of a triangle, from which straight 
lines drawn parallel to the other two sides of the triangle, and termi- 
nated at them, are equal. 

(216) From a given point without a given straight line draw a 
straight line making, with the given line, an angle equal to a given angle. 

(217) Trisect a given finite straight line. 

(218) A quadrilateral figure is a parallelogram. 

(a) If its opposite sides are equal, 

(b) If its opposite angles are equal, 

(c) If its diagonals bisect one another, 

(d) If its diagonals bisect its angles, 
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(e) If each diagonal bisects the quadrilateral, 
{/) If two of its opposite sides are equal and parallel, 
(g) If any two adjacent angles are together equal to two right 
angles, 

(A) If the straight lines bisecting any two adjacent angles inter- 
sect at right angles. 

(219) If one diagonal of a quadrilateral figure bisects the other 
diagonal, the first diagonal bisects the quadrilateral. 

(220) If the quadrilaterals A BCD and EFGH are equiangular 
to one another, and AD is equal to EH, and AB is equal to EF, the 
quadrilaterals can be superposed so as to coincide. 

(221) If the diagonals of a quadrilateral figure cut one another 
at right angles, the squares on two opposite sides are together equal 
to the squares on the other two sides. 

(222) Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is bisected 
at that point. 



BOOK I. 



DEFINITIONS. 



I. 



A point is that which has no parts, or which has no magnitude. 



II. 

A line is length, without breadth. 



III. 
The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme 
points. 

Y. 

A superficies is that which has only length and breadth. 



VI. 

The extremities of a superficies are lines. 



VII. 



A plane superficies is that in which any two points being taken, the 
straight line between them lies wholly in that superfioies. 
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VIII. 

A plane angle is the inclination of two lines to each other in a plane, 
which meet together, but are not in the same direction. 





IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same direction. 




X. 

When a straight line, standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is called a 
perpendicular to it. 



XI. 

An obtuse angle is that which is greater than a right angle. 



XII. 

An acute angle is that which is less than a right angle. 




XIII. 

A term or boundary, is the extremity of anything. 



XTY. 

A figure is that which is enclosed t 







A circle is a plane figure contained by one lice, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 



And this point is called the centre of the circle. 

XVII. 

A diameter of a circle is a straight line drawn through the centre, 
and terminated both ways by the circumference. 



A semicircle is the figure contained by a diameter and the part of 
the circumference cut off by the diameter. 






A segment of a circle ia the figure contained by a straight line and 
the part of the oircumference it cuts ofE 




Rectilineal figures are those which are contained by straight lines. 




Trilateral figures, or triangles, are those which are contained by 
three straight lines. 



Quadrilateral figures are those which are contained by four straight 
lines. 



Multilateral figures, or polygons, axe those which are contained by 
more than four straight lines. 
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XXIV. 

Of three-sided figures, an equilateral triangle 19 thai «whicb has three 
equal sides. 




XXV. 

Of three-sided figures, an isosceles triangle is that which has two 
sides equal.' 





XXVI. 

Of three-sided figures, a scalene triangle is that which has three 
unequal Aides. 





XXVII. 

Of three-sided figures, a right-angled triangle is that which has 
a right angla 
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XXVIII. 



Of three-sided figures, an obtuse-angled triangle is that which has 
an obtuse angle. 




XXIX. 
Of three-sided figures, an acute-angled triangle is that which has 
three acute angles. 



Of four-sided figures, a square is that which has all its sides equal, 

and all its angles right angles. 



Of four-sided figures, an oblong is that which has all its angles 
right angles, but has not all its sides equal. 
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XXXII. 

Of four-sided figures, a rhombus is that which has all its sides equal, 
but its angles are not right angles. 



r 



XXXIII. 
Of four-sided, figures, a rhomboid is that which has its opposite sides 
equal to each other, but all its sides not equal, nor its angles right 
angles. 



All other four-sided figures besides a square, oblong, rhombus and 
rhomboid, are called trapeziums. 



Parallel straight lines are such as are in the same plane, and which, 
being produced ever so far both ways, do not meet. 



A parallelogram is a four-sided figure whose opposite sides are 
parallel, and its diagonals are straight lines joining opposite angular 
points. 
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POSTULATES. 

Let it be granted 

I. 

That a straight line may be drawn from any one point to any other 
point. 

II. 

That a terminated straight line may be produced to any length in a 
straight line. 

III. 

And that a circle may be described from any centre, at any 
distance from that centre. 



AXIOMS. 



I. 



Magnitudes which are equal to the same magnitude, are equal to 
one another. 

II. 

If equals be added to equals, the wholes are equal. 

III. 
If equals be taken from equals, the remainders are equal. 

IV. 

If equals be added to unequals, the wholes are unequal. 

V. 

If equals be taken from unequals, the remainders are unequal. 

VI. % 

Magnitudes which are double of the same magnitude, are eo^ual to 
one another. 
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VII. 

Magnitudes which are halves of the same magnitude are equal to 
one another. 

VIII. 

Magnitudes which coincide with each other, that is, which exactly 
fill the same space, are equal to one another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XI. 
All right angles are equal to one another. 

XII. 

If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it taken together less than two right 
angles ; these straight lines being continually produced, shall at length 
meet upon that side on which are the angles which are less than two 
right angles. 
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PROPOSITION I. PROBLEM. 

To describe an equilateral triangle upon a given finite straight line. 

Given that AB is a straight line ; 
it is required to DESCRIBE an equilateral triangle upon AB. 




From the centre A, at the distance AB } describe the circle BCD. Post 3. 
From the centre B y at the distance BA, describe the circle ACK Post. 3* 



Let the circumferences of the circles cut at C. 

Join AC and BC. 



Post. I. 



ABC shall be an equilateral triangle described upon AB. To be proved. 



Because A is the centre of the circle BCD ; 
therefore AC is equal to AB. 

Because B is the centre of the circle A CE ; 
therefore BC is equal to AB. 

Because AC and BC are each equal to AB ; 
therefore AC is equal to BC. 



Constr. 
Def. 15. 

Constr. 
Def. 15. 

Proved. 
Axiom. 1. 



Because AC, AB, and BC are equal to one another ; Proved. 

therefore ABC is an equilateral triangle ; Def. 24. 

and it is described on AB. a. 

Q. E. F. 

Note. An equilateral triangle may be described on either side of a 
given finite straight line. 
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Postulate 3. A circle may be described from any centre, and at 
aiiy distance from that centre. 

Postulate 1. A straight line may be drawn from any one point to 
any other. 

Definition 15. A circle is a plane figure contained by one line, 
which is called the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the circumference are 
equal to one another. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Definition 24. Of three-sided figures, an equilateral triangle is that 
which has three equal sides. 



74 



GEOMETRY. 



PROPOSITION II. PROBLEM. 

From a given point to draw a straight line equal to a given straight 
line. 

Given that A is a point, and BC a straight line; 
it is required to draw from, the point A, a straight line equal 
to BC. 




Join AB. Post 1. 

Upon AB describe the equilateral triangle A BD. I. I. 

Produce DA to E, and DB to F. Post. 2. 

From the centre B, at the distance BC, describe the circle CGH; Post. 3. 

and let the circumference of it cut DF at G. h. 

From the centre D, at the distance DG, describe the circle GEL, Post. 3. 

and let the circumference of it cut AB at L. h. 

AL shall be equal to BC. To be proved. 

Because B is the centre of the circle CGH] Constr. 

therefore BC is equal to BG. Def 15. 

Because D is the centre of the circle GKL ; 
therefore DL is equal to DG. 

Because DL is equal to DG, 
and DA is equal to DB ; 
therefore AL is equal to BG. 

Because AL and BC are each equal to BG ; 
therefore AL is equal to BC. 

Therefore, from the given point A, a straight line AL has been 
drawn equal to the given straight line BC. 

Q. E. F. 



Constr. 
Def 15. 

Proved. 

Constr. 

Axiom. 3. 

Proved. 
Axiom,. 1. 
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Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition I. An equilateral triangle may be described upon a 
given finite straight line. 

Postulate 2. A terminated straight line may be produced to any 
length in a straight line. 

Postulate 3. A circle may be described from any centre, and at 
any distance from that centre. 

Definition 15. A circle is a plane figure contained by one line, 
which is called the circumference, and is such that all straight lines, 
drawn from a certain point within the figure to the circumference are 
equal to one another. 

Axiom 3. If equals be taken from equals, the remainders are 
equal. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 
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PROPOSITION III. PROBLEM. 

From the greater of two given straight lines to cut off a part equal 
to the less* 

Given that AB and CG are two straight lines, of which AB is the 
greater ; 
it is required to cut OFF from AB a part equal to CG. 




From A draw AD equal to CG. 



1.2. 



From the centre A, at the distance AD, describe the circle DEF, Post. 3. 
and let the circumference of it cut AB at E. h. 



AE shall be equal to CG. 

Because A is the centre of the circle DEF; 
therefore AE is equal to AD. 

Because AE is equal to AD, 
and CG is equal to AD ; 
therefore AE is equal to CG. 



To be proved. 

* 

Constr. 
Def 15. 

Proved. 

Constr. 

Axiom 1. 



Therefore, from AB, the greater of two given straight lines, a part AE 
has been cut off, equal to CG the less. 



Q. E. F. 
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Proposition II. A straight line may be drawn from a given point 
equal to a given straight line. 

Postulate 3. A circle may be described from any centre and at any 
distance from that centre. 

Definition 15. A circle is a plane figure contained by one line, 
which is called the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the circumference are 
equal to one another. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 
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PROPOSITION IV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise the angles contained by those 
sides equal to each other) they shall likewise have their bases or third 
sides equal, and the two triangles shall be equal, and their other angles 
shall be equal, each to each, viz :— those to which the equal sides are 
opposite. 

In the triangles ABC and DEF ; 
given that AB is equal to DE, AG equal to DF, and the angle BAC 
equal to the angle EDF ; 

it is required to prove that BC is equal to EF, that the triangle ABC 
is equal to the triangle DEF, that the angle ABC is equal to the angle DEF, 
and that the angle ACB is equal to the angle DFE. 





Apply the triangle ABC to the triangle DEF, 
so that A may be on D, AB on DE, and C on the same side of 

Because AB is equal to DE ; 
there/ore B is on E, and AB coincides with DE. 

Became AB coincides with DE, 

and the angle BAC is equal to the angle EDF; 

therefore AC is on DF. 

Because AC is on DF, 

and AC is equal to DF; 
therefore C is on F. 

Because B is on E, and C on F, 

and BC and EF cannot enclose a space ; 

therefore BC coincides with EF. 

Because BC coincides with EF; 
therefore BC is equal to EF. 



DE&tF. b. 

Hyp. 
c, andd. 

Proved. 
Hyp. 

/ 

Proved. 

Hyp. 

c. 

Proved. 

Axiom 10. 

d. 

Proved. 
Axiom 8. 
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Because the sides of the triangle ABC coincide with the 

sides of the triangle DEF, each with each ; Proved, 

therefore the triangle ABC is equal to the triangle DEF f 
and the angle ABC is equal to the angle DEF } 
and the angle AGB is equal to the angle DFE. 



AakmS. 



Therefore if two triangles <fcc. 

q. B. d. 



Axiom 10... Two straight lines cannot enclose a space. 

Axiom 8. Magnitudes which coincide with one another, that is 
which exactly fill the same space, are equal to one* another. 



wmmm^mmmmimmmmmmtmmmmmmmmmm 
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PROPOSITION V. THEOREM. 

The angles at the base of an isosceles triangle are equal to one 
another; and, if the equal sides be produced, the angles on the other 
side of the base shall be equal to one another. 

In the triangle ABC ; 
given that AB and AC are equal and produced to D and E ; 
it is required to prove that the angle ABC is equal to the angle ACB, 
and that the angle DBC is equal to the angle ECB. 




F being a point in BD, from AE, the greater of A E and AF, x. 

cut off AG equal to AF. I. 3. 

Join FC and GB. Post 1. 

In the triangles FAC and GAB] 

Because AF is equal to AG, Constr. 

and AC is equal to AB, Hyp. 

and the angle at A is common to each triangle ; g. 

therefore FC is equal to GB, 
and the angle AFC is equal to the angle A GB, \ I. 4. 
and the angle ACF is equal to the angle ABG. 

Because AF is equal to AG, Constr. 

and AB is equal to AC ; Hyp. 

therefore BF is equal to CG. Axiom 3. 



In the triangles BFC and CGB ; 

Because BF is equal to CG, \ 

and FC is equal to GB, 
and the angle BFC is equal to the angle CGB', 
therefore the angle FBC is equal to the angle GCB, 
and the angle CBG is equal to the angle BCF. 



Proved. 



I. 4. 
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Because the angle ABG is equal to the angle AGF, \ 

andihe angle CBG is equal to the angle BCF;] Proveil 
tlwtefore the angle ABC is equal to the angle AGB, Axiom 3. 

and the angle DBG is equal to the angle ECB. Proved. 
Therefore the angles at the base <fcc. 

Q. E. D. 



Corollary. Hence an equilateral triangle is also equiangular. 



Proposition III. From the greater of two given straight lines a 
part may be cut off equal to the less. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition IV. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have also the angles 
contained by those two sides equal to one another, they shall also have 
their bases or third sides equal, and their other angles shall be equal, 
each to each, namely those to which the equal sides are opposite. 

Axiom 3. If equals be taken from equals the remainders are equal. 



P. G. 
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PROPOSITION VL THEOREM. 

If two angles of a triangle be equal to one another ; the sides also 
which subtend, or are opposite to, the equal antfUa, shall be equal 
to one another. 

In tlbe triangle ABC; 
given that the angle ABC is equal to the angle ACB; 
it is required to prove that AB is equal to AC. 




If AB is not equal to AC, one of them must be greater than the other, m. 

If possible, let AB be greater than AC. 
From AB cut off BD equal to AC. I. 3. 

Join DC. Post. 1. 

In the triangles ABC and BBC ; 

because AC is equal to BB, Constr. 

and BC common to both triangles, g. 

and the angle ACB equal to the angle BBC ; Hyp. 

therefore the triangle ABC is equal to the triangle BBC. I. 4. 

Because, if AB is unequal to AC, 

the triangle ABC is equal to the triangle BBC, Proved, 

and this is impossible ; Axiom 9. 

therefore AB is equal to AC. G. 

Therefore if two angles of a triangle &c. 

Q. £. D. 

Corollary. Hence every equiangular triangle is also equilateral. 



GEOMETRY. 
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Proposition III. From the greater of two given straight lines a part 
may be cut off equal to the less. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition IV. If two triangles- have two sides of the one equal 
to two sides of the other, each to each, and have also the angles 
contained by those sides equal to one another the two triangles shall be 
equal. 

Axiom 9. The whole is greater than its part. 



6—2 
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PROPOSITION VII. THEOREM. 

On the same base, and on the same side of it, there cannot be two 
triangles having their sides which are terminated at one extremity of 
the base equal to one another, and likewise those which are terminated 
at the other extremity equal to one another. 

In the two triangles ABC and ABD; 
given AC equal to AD, and BC equal to BD; 

it is required to PROVE that the triangles cannot be on the same base AB 
and on the same side of it, without coinciding. 

Suppose that the triangles can be thus situated ; 
First, with the vertex of each triangle without the other triangle. 




Join CD. Post. 1. 

Because AC is equal to AD ; Hyp. 

therefore the angle ACD is equal to the angle ADC. I. 5. 

Because the angle ACD is greater than the angle BCD, Axiom 9. 

and the angle ACD is equal to the angle ADC; Proved. 

therefore the angle ADC is greater than the angle BCD. t. 

Because the angle BDC is greater than the angle ADC, Axiom 9. 

and the angle ADC is greater than the angle BCD ; Proved. 

therefore the angle BDC is greater than the angle BCD. v. 

Because BC is equal to BD ; Hyp. 

tlierefore the angle BDC is equal to the angle BCD. I. 5. 

Because, if the vertex of each triangle is without the other triangle, 
then the angle BDC is both equal to and greater than the angle 

BCD, Proved, 

and this is impossible ; n. 

therefore the vertex of each triangle cannot be without the other 

triangle. O. 
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Postulate 1. A straight line mtty be drawn from any one point to 
any other point. 

Proposition V. The angles at the base of an isosceles triangle are 
equal to one another. 

Axiom 9. The whole is greater than its part. 
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PROPOSITION VII. (continued). 
Secondly, let D be within the triangle ACB. 




Join CD. Post. 1. 

Produce AC and AD to ^ and F. Post. 2. 

Because AC is equal to .42); £^p. 

therefore the angle JK/i) is equal to the angle FDC. I. 5. 

Because the angle ift7Z) is greater than the angle 5(72), Axiom 9. 

owrf the angle ECD is equal to the angle FDC ; Proved. 

therefore the angle jPDC is greater than the angle BCD. t. 

Because the angle 2?Z)(7 is greater than the angle FDC, Axiom 9. 

and the angle FDC is greater than the angle BCD ; Proved. 

therefore the angle jB2>(7 is greater than the angle BCD. v. 

Because BD is equal to BC ; Hyp. 

therefore the angle BDC is equal to the angle BCD. I. 5. 

Because if Z) be within the triangle ACB, 
then the angle BDC is both equal to and greater than the angle 

BCD, * Proved, 

and this is impossible ; n. 

therefore D cannot be within the triangle ACB. G. 

The third and only other case ; 
in which the vertex of one triangle is on a side of the other, 

needs no demonstration. 

Therefore, on the same base &c. 

Q. E. D. 
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Postulate 1. A straight line may be drawn from any point to any 
other point. 

Postulate 2. A terminated straight line may be produced to any 
length in a straight line. 

Proposition V. The angles at the other side of the base of an 
isosceles triangle are equal to one another. 

Axiom 9. The whole is greater than its part. 
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PROPOSITION VIII. THEOREM. 

If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise their bases equal, the angle 
which is contained by the two sides of the one shall be equal to the 
angle which is contained by the two sides, equal to them, of the other. 

In the triangles ABC and DEF; 
given that AB is equal to DE, AG equal to DF, and BG equal to EF ; 
it is required to prove that tlie angle BAG is equal to the angle EDF. 





Apply the triangle ABC to the triangle DEF, 

so that B may be on E, and BG on EF, 
and the triangles on the same side of EF. 



\ 



Because BG coincides with EF, 

and BA is equal to ED, 

and CA is equal to FD ; 

therefore it is impossible for BA and CA not to 

coincide with ED and FD, 
{i.e. a different position as EG and FG.) 



b. 



Because BG is equal to EF; Hyp. 

therefore C is on F and BC coincides with EF. c, and d. 



Proved. 
Hyp. 
Hyp. 



I. 7. 



Because it is impossible for BA and CA not to coincide with 

ED and FD ; Proved, 

therefore BA and CA do coincide with ED and FD 
and the angle BAG is equal to the angle EDF. Axiom 8. 



Therefore if two triangles <fcc. 



Q. E. D. 
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Proposition VII. On the same base and on the same side of it, 
there cannot be two triangles having their sides which are terminated at 
one extremity of the base equal to one another, and likewise those 
which are terminated at the other extremity equal to one another. 

Axiom 8. Magnitudes which coincide with one another, that is 
which exactly fill the same space, are equal to one another. 



N.B. Angles are said to coincide when the angular points have the 
same position and the lines containing the angles coincide in direction 
each with each. 
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PROPOSITION IX. PROBLEM. 

To bisect a given rectilineal angle, that is, to divide it into two 
equal angles. 

Given the rectilineal angle BAG; 
it is required to bisect the angle BAG 




D being a point in AB, from AG the greater of AG and AD x. 



cut off AE equal to AD. 
Join DE. 

On DE describe an equilateral triangle DFE, 
and let it be on the side of DE remote from A. 



I. 3. 

Post. 1. 

I. 1. 
note I. 1. 



Join AF. 



Post. 1 



The angle BAG shall be bisected by AF. To be proved. 



In the triangles DAF and EAF; 

because AD is equal to AH, Gonstr. 

and AF is common to each triangle, g. 

and DF is equal to EF; Def. 24. 

there/ore the angle DAF is equal to the angle EAF. I. 8. 

That is, the angle BAG is bisected. 

Q. E. F. 
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Proposition ILL From the greater of two given straight lines a 
part may be cut off equal to the less. 

Proposition L An equilateral triangle may be described on a given 
finite straight line. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Definition 24. * Of three-sided figures an equilateral triangle is 
that which has three equal sides. 

Proposition VIII. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise their bases 
equal, the angle which is contained by the two sides of the one shall be 
equal to the angle which is contained by the two sides equal to them 
of the other. 



92 



GEOMETRY. 



PROPOSITION X. PROBLEM. 

To bisect a given finite straight line; that is, to divide it into 
two equal parts. 

Given the straight line AB; 

IT IS REQUIRED TO BISECT AB. 




On AB describe an equilateral triangle ABC. I. 1. 

Bisect the angle ACB by CD. I. 9. 

Let CD meet AB at D. y. 

AB shall be bisected at D. To be proved. 



In the triangles ACB and BCD ; 

because AC is equal to BC 9 

and CD is common to each triangle, 

and the angle ACD is equal to the angle BCD ; 

therefore AD is equal to BD. 

That is, AB is bisected. 



Def. 24. 

g* 
ConsVr. 

1.4. 



Q. E. F. 
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Proposition I. An equilateral triangle may be described on a given 
finite straight line. 

Proposition IX. A given rectilineal angle may be bisected. 

Definition 24. Of three-sided figures an equilateral triangle is 
that which has three equal sides. 

Proposition IV. If two triangles have two sides of the one equal to 
two sides of the other, each to each, and have also the angle contained 
by those sides equal the third sides are equal. 
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PROPOSITION XI. PROBLEM. 

To draw a straight line at right angles to a given straight line, from 
a given point in the same. 

Given the straight line AB, and C a point in it ; 
it is required to draw from C a straight line at right angles to AB. 




D being a point in AC. 
From CB or CB produced cut off CE equal to CD. x. and I. 3. 



On DE describe the equilateral triangle DFE. 

Join CF. 
CF shall be at right angles to AB. 



L 1. 



Post. 1. 



To be proved. 



In the triangles DGF and ECF) 
because CD is equal to CE 9 
" and CF is common to both triangles, 
and DF is equal to EF; 
tliere/ore the angle DCF is equal to the angle ECF. 



Constr. 

g- 
Def. 24. 

I. 8. 



Because the angle DCF is equal to the adjacent angle ECF; Proved, 
therefore CF is drawn at right angles to AB. Def. 10. 



Q. E. F. 
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Proposition III. From the greater of two given straight lines 
a part may be cut off equal to the less. 

Proposition I. An equilateral triangle may be described on a given 
finite straight line. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Definition 24. Of three-sided figures an equilateral triangle is 
that which has three equal sides. 

Proposition VIII. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise their bases 
equal, the angle which is contained by the two sides of the one shall be 
equal to the angle contained by the two sides equal to them of the 
other. 

Definition 10. When a straight line standing on another straight 
line makes the adjacent angles equal to one another, each of these 
angles is called a right angle. 
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COROLLARY TO PROPOSITION XI. 

By the help of this proposition an attempt has been made to show tfiat 
two straight lines cannot have a common segment 



e 




If possible, let AD and AC have a common segment AB. 
From B draw BE at right angles to AB. 

Because ABC is a straight line ; Hyp. 

therefore the angle CBE is equal to the angle ABE. Constr. & Ax. 11. 

Because ABB is a straight line ; Hyp. 

therefore the angle DBE is equal to the angle ABE. Constr. & Ax. 11. 

Because the angles DBE and CBE are each equal to the 

angle ABE. Proved. 

Therefore the angle DBE is equal to the angle CBE. Axiom 1. 

Because if AD and AC have a common segment, 
then the angle DBE is equal to the angle CBE, Proved, 
and this is impossible. Axiom 9. 

Therefore AD and AC cannot have a common segment. G. 

Q. E. D. 

Note: — In order to draw BE at right angles to AB we must 
produce AB, and assume that there is only one way of producing it, 
that is assume what we have to demonstrate. 
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Axiom 11. All right angles are equal to one another. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Axiom 9. The whole is greater than its part. 



P. G. 
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PROPOSITION XII. PROBLEM. 

To draw a straight line perpendicular to a given straight line of an 
unlimited length, from a given point without it. 

Given in position the straight line AB of unlimited length, and a 
point G without it ; 
it is required to draw from C a straight line perpendicular to AB. 




D being a point on the side of AB remote from C, 

Join CD. Post. 1. 



From the centre G, at the distance CD, describe the circle EGF. PosU 3. 



Let the circumference of the circle EGF cut AB at F and G. 



i. 



Bisect FG at H. 


1.10. 


Join CH. 


Post. 1. 


CH shall be perpendicular to AB, 


To be proved. 


Join CF and GG. 


Post. 1. 



In the triangles FHC and GHG ; 

because FH is equal to GH, 
and HG is common to both triangles, 
and FG is equal to GG ; 
there/ore the angle FUG is equal to the angle GHG. 



Constr. 

g- 
Def. 15. 

I. 8. 



Because the angle FHC is equal to the adjacent angle GHG) Proved, 
therefore GH is drawn perpendicular to AB. Def. 10. 

<j. £. r. 
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Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Postulate 3. A circle may be described from any centre and at 
any distance from that centre. 

Proposition X. A given finite straight line may be bisected. 

Definition 15. A circle is a plane figure contained by one line, 
-which is called the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the circumference are 
equal to one another. 

Proposition VIII. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise their bases 
equal, the angle which is contained by the two sides of the one shall be 
equal to the angle contained by the two sides equal to them of the 
other. 

Definition 10. When a straight line standing on another straight 
line makes the adjacent angles equal to one another, each of these 
angles is called a right angle, and the straight line which stands on the 
other is called a perpendicular to it. 



7—2 
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PROPOSITION XIII. THEOREM. 

The angles which one straight line makes with another straight line 
on one side of it, are either two right angles, or are together equal 
to two right angles. 

Given that the straight line AB makes with the straight line DC on 
one side of it the angles CBA and ABD ; 

it is required to prove that the angles CBA and ABD either are 
two right angles, or are together equal to two right angles. 



B 



C D 




Case 1. If the angle CBA is equal to the angle ABD, each of them 
ib a right angle. Def. 10. 

Case 2. If the angle CBA is not equal to the angle ABD. 

From B draw BE at right angles to CD. I. 11. 

Because the angle CBE is equal to the two angles CBA and A BE, p. 

let the angle EBD be added to each ; 
therefore the two angles CBE and EBD are together equal 

to the three angles CBA, ABE and EBD. Axiom 2. 

Because the angle ABD is equal to the two angles ABE and EBD, p. 

let the angle CBA be added to each ; 
therefore the two angles CBA and ABh are together equal 

to the three angles CBA, ABE and EBD. Axiom 2. 



Because the angles CBA and ABD, and also the angles CBE 
and EBD, are together equal to the same three angles, 

viz. CBA, ABE and EBD ; Proved, 

therefore the two angles CBA and ABD are together 

equal to the two angles CBE and EBD. Axiom 1. 
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Because the angles GBE and EBD are two right angles, Constr. 
and the angles CBA and ABB are together 

equal to the angles CBE and EBD ; Proved, 

therefore the angles CBA and ABB are together 

equal to two right angles. Axiom 1, 

Therefore, the angles which <fec. 

Q. B. D. 



Definition 10. When a straight line standing on another straight 
line makes the adjacent angles equal to one another, each of these 
angles is called a right angle. 

Proposition XL A straight line may be drawn at right angles to a 
given straight line from a given point in the same. 

Axiom 2. If equals be added to equals the wholes are equal. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another* 
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PROPOSITION XIV. THEOREM. 

If, at a point in a straight line, two other straight lines, on the 
opposite sides of it, make the adjacent angles together equal to two 
right angles ; these two straight lines shall be in one and the same 
straight line. 

Given that at the point B in the straight line AB, two other straight 
lines BC and BD, on opposite sides of AB, make tlie adjacent angles ABC 
and ABD together equal to two right angles; 
it is required to prove tliat BD is in the same straight line with BO. 




Produce CB. to E. Post 2. 

Supposing BD does not coincide in direction with BE. 

Because CBE is a straight line, Constr. 

and AB falls on it, 
therefore the angles ABC and ABE are together equal to two 

right angles. I. 13. 

Because the angles ABC and ABD are together equal to two 

right angles, Hyp. 

and the angles ABC and ABE are together equal to two 

right angles, Proved, 

therefore the angles ABC and ABD are together equal to the angles 

ABC and ABE. Axioms 11, 6, and 1. 

Because the angles ABC and ABD are together equal to the 

angles ABC and ABE, Proved, 

therefore the angle ABD is equal to the angle ABE. Axiom 3. 
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Because if BD does not coincide in direction with BE, 

then the angle ABD is equal to the angle ABE, Proved, 
and this is impossible ; Axiom 9. 

therefore BD does coincide in direction with BE, G. 

and BD is in the same straight line with BC. 

Therefore, if at a point <fcc. 

Q. B. D. 



Postulate 2. A finite straight line may be produced to any length 
in a straight line. 

Proposition XIII. The angles which one straight line makes with 
another straight line on one side of it are together equal to two right 
angles. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Axiom 3. If equals be taken from equals the remainders are 
equal. 

Axiom 9. The whole is greater than its part. 

Axiom 11. All right angles are equal to one another. 

Axiom 6. Magnitudes which are double of the same magnitude 
are equal to one another. 
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PROPOSITION XV. THEOREM. 

If two straight lines cut one another, the vertical, or opposite angles 
shall be equal. 

Given that the two straight lines CD and AB cut one another at 
the point E ; 

it is required to prove that the angle AEC is equal to the angle BED, 
and also that the angle AED is equal to the angle BEC. 




Because AE falls on CD ; Hyp. 

therefore the angles AEC and AED are together equal to two 

right angles. I. 13. 

Because DE falls on AB ; Hyp* 

therefore the angles AED and BED are together equal to two 

right angles. I. 13. 

Because the angles AEC and AED are together equal to two 

right angles, Proved, 

and the angles AED and BED are together equal to two 

right angles ; Proved, 

therefore the angles AEC and AED are together equal to the 

angles AED and BED. Axioms 11, 6 and 1. 

Because the angles A EC and AED are together equal to the 

angles AED and BED ; Proved, 

therefore the angle AEC is equal to the angle BED. Axiom 3. 

In the same manner it may be shown that the angle AED 

is equal to the angle BEC, 

Therefore, if two straight lines cut one another &a 

Q. E. D. 
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Proposition XIII. The angles which one straight line makes with 
another on one side of it are together equal to two right angles. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Axiom 3. If equals be taken from equals the remainders are equal. 

Axiom 11. All right angles are equal to one another. 

Axiom 6. Magnitudes which are double of the same magnitude are 
equal to one another. 
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PROPOSITION XVI. THEOREM. 

If one side of a triangle be produced, the exterior angle shall be 
greater than either of the interior opposite angles. 

In the triangle ABC; 
given that BG is produced to D ; 

it is required to prove that the angle AGD is greater than either of the 
angles GBA and BAC. 




Bisect AG at E. I. 10. 

Join BE. Post. 1. 

From BE produced, • Post 2. 

cut off EF equal to BE. I. 3. 

Join GF. Post. 1. 

In the triangles AEB and GEF; 

because AE is equal to GE 9 Gonstr. 

and EB is equal to EF, Gonstr. 

and the angle AEB is equal to the angle FEG ; I. 15. 

there/ore the angle BAE is equal to the angle EGF. I. 4. 

Because the angle AGD is greater than the angle EGF, Axiom 9. 

and the angle BAE is equal to the angle EGF; Proved. 

there/ore the angle ACD is greater than the angle BAE. t. 

In the same manner, if BG is bisected and AG produced to G, 
it may be proved that the angle BGG (which is equal to the angle 
AGD) is greater than the angle ABC. I. 15. 

Therefore, if one side of a triangle <fcc. 

Q. E. D. 
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Proposition X. A given finite straight line may be bisected. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Postulate 2. A terminated straight line may be produced to any 
length in a straight line. 

Proposition III. From the greater of two given straight lines* a 
part may be cut off equal to the less. 

Proposition XV. If two straight lines cut one another the vertical 
or opposite angles are equal. 

Proposition IV. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have also the included 
angles equal, the other angles are equal each to each, namely those to 
which the equal sides are opposite. 

Axiom 9. The whole is greater than its part. 
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PROPOSITION XVII. THEOREM. 

Any two angles of a triangle are together less than two right 
angles. 

Given the triangle ABC ; 
it is required to proye that any two of its angles are together less than 
two right angles. 




Produce BC to D. Post. 2. 

Because ACD is an exterior angle of the triangle ABC ) Constr. 
therefore the angle ACJD is greater than the angle ABC. I. 16. 

Because the angle A CD is greater than the angle ABC, Proved. 
let the angle ACB be added to each ; 
therefore the angles ACB and ACB are together greater than 

the angles ABC and ACB. w. 

Because the angles A CD and ACB are together equal to two 

right angles, I. 13. 

tmd the angles ACD and ACB are together greater than the 

angles ABC and ACB ; Proved, 

therefore the angles ABC and ACB are together less than two 

right angles. t. 

In the same manner it may be shown that the angles BAC and 
ACB, as also the angles CAB and ABC are together less than two 
right angles. 

Therefore, any two angles <kc. 

Q. E. D. 
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Postulate 2. A terminated straight line may be produced to any 
length in a straight line. 

Proposition XVI. If one side of a triangle be produced, the 
exterior angle is greater than either of the interior opposite angles. 

Proposition XIII. The angles which one straight line makes with 
another straight line on one side of it, are together equal to two 
right angles. 
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PROPOSITION XVIII. THEOREM. 

The greater side of every triangle has the greater angle opposite 
to it 

In the triangle ABC ; 
given that AC is greater than AB ; ' 

it is required to prove tliat the angle ABC is greater tlvan the 
angle ACB. 




From AC the greater of AC and AB, Hyp. 

cut off a part AD equal to AB the less. I. 3. 

Join BD. Post. 1. 

Because ADB is the exterior angle of the triangle BDC ; Constr. 
therefore the angle ABB is greater than the angle ACB. I. 16. 

Because AD is equal to AB ; Constr. 

therefore the angle ADB is equal to the angle ABD. I. 5. 

Because the angle ADB is greater than the angle A CB f Proved. 

and the angle ABD is equal to the angle ADB ; Proved. 

therefore the angle ABD is greater than the angle ACB. t. 

Because the angle ABC is greater than the angle ABD, Axiom 9. 

and the angle ABD is greater than the angle ACB; Proved. 

therefore the angle ABC is greater than the angle ACB. v. 

Therefore, the greater side &c. 

Q. E. D. 
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Proposition III. From the greater of two given straight lines a 
part may be cut off equal to the less. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition XVI. If one side of a triangle be produced, the 
exterior angle is greater than either of the interior opposite angles. 

Proposition V. The angles at the base of an isosceles triangle 
are equal. 

Axiom 9. The whole is greater than its part 
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PKOPOSITION XIX. THEOREM. 

The greater angle of every triangle is subtended by the greater side, 
or has the greater side opposite to it. 

In the triangle ABC ; 
given that the angle ABC is greater titan the angle ACB ; 
it is required to prove t/tat AC is greater than AB. 




Because , if AC were equal to AB, the angle ABC would 

be equal to the angle ACB, I. 5. 
and the angle ABC is greater than the angle ACB ; Hyp- 
therefore AC is not equal to AB. G. 

Because, if AC were less than AB, the angle ABC would 

be less than the angle ACB, I. 18. 

and the angle ABC is greater than the angle ACB ; Hyp. 

therefore AC is not less than AB. G. 

Because AC is not equal to or less than AB ; Proved, 

therefore AC is greater than AB. o. 

Therefore, the greater angle <fcc. 

Q. e. d. 
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Proposition V. The angles at the base of an isosceles triangle 
are equal. 

Proposition XVIII. The greater side of every triangle has the 
greater angle opposite to it. 



p. G, 



8 
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PROPOSITION XX. THEOREM. 

Any two sides of a triangle are together greater than the third side. 

Given the triangle ABC ; 
it is required to prove that BA and AC are together greater than CB ; 
and AB and BC together greater than CA ; and BC and CA together 
greater than AB. 




From BA produced 
cut off AD equal to AC. 
Join DC. 



Because AD is equal to AC ; 
therefore the angle ADC is equal to the angle ACD. 

Because the angle BCD is greater than the angle ACD, 

and the angle ACD is equal to the angle ADC ; 
therefore the angle BCD is greater than the angle ADC. 

Because the angle BCD is greater than the angle BDC, 
there/ore BD is greater than BC. 

Because AD is equal to AC, 

let BA be added to each ; 
therefore BD is equal to BA and AC. 

Because BD is equal to BA and AC, 
and BD is greater than BC ; 
therefore BA and AC are greater than BC. 



Post 2. 

x. and I. 3. 

Post. 1. 

Constr. 
I. 5. 

Axiom 9. 

Proved. 

u. 

Proved. 
1. 19. 

Constr. 

Axiom 2. 

Proved. 

Proved. 

t. 



In the same manner it may be shewn that A B and BC are greater 
than CA, and BC and CA greater than AB. 



Therefore, any two sides <fcc. 



Q. E. D. 
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Postulate 2. A terminated straight line may be produced to any 
length in a straight line. , 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition III. From the greater of two given straight lines a 
part may be cut off equal to the less. 

Proposition Y. The angles at the base of an isosceles triangle are 
equal to one another. 

Axiom 9. The whole is greater than its part. 

Proposition XIX. The greater angle of every triangle has the 
greater side opposite to it. 

Axiom 2. If equals be added to equals the wholes are equal. 



8—2 
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PROPOSITION XXI. THEOREM. 

If from the ends of the side of a triangle there be drawn two 
straight lines to a point within the triangle, these shall be less than 
the other two sides of the triangle, but shall contain a greater angle. 

In the triangle ABC ; 
given that D is a point within it, and BD and DC are joined ; 
it is required to prove that BD and DC are together less than BA and 
AC, and that the angle BDC is greater than the angle BAG. 




Produce BD, Post. 2. 

and let the part produced meet A C at E. y. 

Because BA and AE are together greater than BE, I. 20. 

let EC be added to each ; 
■ therefore BA and AC are together greater than BE and EC. w. 

Because DE and EC are together greater than DC, I. 20. 

let DB be added to each ; 
tlierefore BE and EC are together greater than BD and DC. w. 

Because BA and AC are together greater than BE and EC, Proved. 

and BE and EC are together greater than BD and DC; Proved. 

therefore BA and AC are together greater than BD and DC. v. 

Because the angle BDC is greater than the angle DEC, I. 16. 

and the angle DEC is greater than the angle BAE; I. 16. 

therefore the angle BDC is greater than the angle BAE. v. 

Therefore, if from the ends &c. 

Q. E. D. 



GEOMETRY. 117 



Postulate 2. A terminated straight line may be produced to any 
length in a straight line. 

Proposition XX. Any two sides of a triangle are together greater 
than the third side. 

Proposition XVI. If one side of a triangle be produced the 
exterior angle is greater than either of the interior opposite angles. 
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PROPOSITION XXII. PROBLEM. 

To make a triangle of which the sides shall be equal to three given 
straight lines, but any two whatever of these must be greater than the 
third. 

Given three straight lines A, B and C, of which any two whatever 
are greater than the third ; 

it is required to hake a triangle, tJie sides of which shall be equal 
to A 9 B and C, each to each. 




Draw DE terminated at D, but unlimited towards E. Post 2. 
From DE cut off DF equal to A, FG equal to B, 

and GH equal to C. I. 3. 
From the centre F, at the distance FD, 

describe the circle DEL. Post 3. 
From the centre G, at the distance GH, 

describe the circle HEL. Post 3. 

Let the circumferences of the circles cut at E. k. 

Join EF and EG. Post 2. 

The triangle EFG shall have its sides equal to the three straight 
lines, A 9 B and C. To be proved. 

Because FE is equal to FD, Def. 15. 

and A is equal to FD ; Constr. 

there/ore FE is equal to A. Axiom 1. 

Because GE is equal to GH, Def. 15. 

and C is equal to GH \ Constr. 

therefore GE is equal to C. Axiom, 1. 

Because FG is equal to B, Constr. 

and FE equal to A, and GE equal to C; Proved. 

therefore the triangle EFG has been made, having its sides equal to the 

three given straight lines A, B and C. 

Q. e. F. 
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Proposition III. From the greater of two given straight lines 
a part may be cut off equal to the less. 

Postulate 3. A circle may be described from any centre and at 
any distance from that centre. 

Postulate 2. A straight line may be drawn from any one point to 
any other point. 

Definition 15. A circle is a plane figure contained by one line 
which is called the circumference and is such that all straight lines 
drawn from a certain point within the figure to the circumference are 
equal to one another. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 
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PROPOSITION XXIII. PROBLEM. 

At a given point, in a given straight line, to make a rectilineal 
angle equal to a given rectilineal angle. 

Given a straight line AB, and a rectilineal angle DCE ; 
it IB required to hake at A in AB an angle equal to DCE. 




Join DE. 



Post 2. 



Make a triangle AFG, so that AF is equal to CD, AG to CE, and 
FG to DE, I. 22 and 20. 

The angle FAG shall be equal to the angle DCE. To be proved. 

Because FA is equal to DC, AG equal to CE 

and FG equal to DE; Constr. 

therefore the angle FAG is equal to the angle DCE. I. 8. 

Q. e. p. 



Note : — The angle can be made on either side of the line. 
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Postulate 2. A straight line may be drawn from any one point to 
any other point. 

Proposition VIII. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise their bases 
equal, the angle contained by the two sides of the one shall be equal to 
the angle contained by the two sides equal to them of the other. 

Proposition XXII. A triangle may be made the sides of which 
shall be equal to three given straight lines, but any two whatever of 
these must be greater than the third. 



N.B. In order to make the triangle AFG so that AF may be on AB 9 
BA must be produced, and AF made equal to CD, then A and F will be 
the centres of the circles. 
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PROPOSITION XXIV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of one of 
them greater than the angle contained by the two sides equal to them, 
of the other, the base of that which has the greater angle shall be 
greater than the base of the other. 

In the two triangles ABC and DEF; 
given that AB is equal to DE, and AC equal to DF, and t/te angle BAC 
greater than the angle EDF ; 
it is required to prove BC greater tfian EF. 





Of BE and DF let DE be the side which is not greater than the other. 1. 

At D in DE make the angle EDG equal to the angle BAC, I. 23. 
and let DG be on the same side of DE as DF. I. 23 (note). 

Make DG equal to AC. I. 3. 

Join EG and GF. Post. 1, 



In the triangles ABC and DEG ; 

because AB is equal to DE, 
and AC is equal to DG, 
' and the angle BA C is equal to the angle EDG ; 
therefore BC is equal to EG. 

Because DG is equal to AC, 
and DF is equal to AC ; 
therefore DG is equal to DF. 

Because DG is equal to DF; 
therefore the angle DGF is equal to the angle DFG. 



Hyp. 
Const. 
Const. 

I. 4. 

Const. 

Hyp. 

Axiom 1. 

Const. 
1.5. 



Because the angle DGF is greater than the angle EGF, Axiom 9. 

and the angle DGF is equal to the angle DFG ; Proved. 

therefore the angle DFG is greater than the angle EGF. t. 
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Because the angle EFG is greater than the angle DFG, Axiom 9. 

and the angle DFG is greater than the angle EGF; Proved, 

therefore the angle EFG is greater than the angle EGF. v. 

Because the angle EFG is greater than the angle EGF ; Proved, 
therefore EG is greater than EF. I. 19. 

Because BC is equal to EG, Proved. 

and EG is greater than EF; Proved. 

tlierefore BC is greater than EF. t. 



Therefore, if two triangles <fcc. 



Q. E. D. 



Proposition XXIII. At a given point in a given straight line a 
rectilineal angle may be made equal to a given rectilineal angle. 

Proposition III. From a given point a straight line may be drawn 
equal to a given straight line. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition IV. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have also the angles contained 
by these sides equal, the third sides are equal. 

Proposition V. The angles at the base of an isosceles triangle are 
equal to one another. 

Axiom 9. The whole is greater than its part. 

Proposition XIX. The greater angle of every triangle has the 
greater side opposite to it. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 
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PROPOSITION XXV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the base of the one greater than the base of the 
other ; the angle contained by the sides of that which has the greater 
base, shall be greater than the angle contained by the sides, equal to 
them, of the other. 

In the triangles ABC and DEF ; 
given that AB is equal to DE 9 AC equal to DF, and BC greater than 
EF; 
it is required to PROVE that the angle BA C is greater than the angle EDF. 




Because if the angle BAC were equal to the angle EDF, 

BC would be equal to EF, Hyp. and I. 4. 

and. BC is greater than EF; Hyp, 

therefore the angle BAC is not equal to the angle EDF, g. 

Because if the angle BAC were less than the angle EDF, 

BC would be less than EF, Hyp. and I. 24. 

and BC is greater than EF; Hyp. 

therefore the angle BAC is not less than the angle EDF. g. 



Because the angle BAC is not equal to, nor less than, 

the angle EDF; Proved, 

therefore the angle BAC is greater than the angle EDF. o. 



Therefore, if two triangles &c. 



Q. E. D. 
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Proposition IV. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have also the angles 
contained by those two sides equal, the third sides are equal. 

Proposition XXIV. If two triangles have two sides of the one 
equal to two sides of the other, each to each, but the angle contained by 
the two sides of one of them greater than the angle contained by the 
two sides, equal to them, of the other, the base of that which has the 
greater angle is greater than the base of the other. 
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PROPOSITION XXVI. THEOREM. 

If two triangles have two angles of the one equal to two angles 
of the other, each to each, and one side equal to one side, namely, 
either the sides adjacent to the equal angles, or sides which are 
opposite to equal angles in each, then shall the other sides be equal, 
each to each, and also the third angle of the one equal to the third 
angle of the other. 

Case I. 

In the triangles A BC and DEF ; 
given that the angle ABC is equal to the angle DEF, and the angle BCA 
equal to the angle EFD, and that BC is equal to EF ; 
it is required to prove that the angle BAC is equal to the angle EDF 9 
and that AB is equal to BE, and AC to DF. 





Supposing AB not equal to DE, let AB be the greater. m. 

From BA cut off BG equal to ED. I. 3. 

Join CG. Post. 1. 

In the triangles GBC and DEF; 

because GB is equal to DE, Constr. 

and BC is equal to EF, Hyp. 

and the angle GBC is equal to the angle DEF; Hyp. 

therefore the angle GCB is equal to the angle DFE. I. 4. 

Because the angle ACB is equal to the angle DFE, Hyp. 

and the angle GCB is equal to the angle DFE ; Proved. 

therefore the angle ACB is equal to the angle GCB. Axiom 1. 

Because if A B is not equal to DE, then the angle ACB is equal to 

the angle GCB, Proved. 

and this is impossible ; Axiom 9. 

therefore AB is equal to DE. g. 
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In the triangles ABC and BEF; 

because AB is equal to BE, Proved. 

and BC is equal to EF, Hyp. 

and the angle ABC is equal to the angle BEF \ Hyp. 

therefore AC is equal to BF, 
and the angle BAC is equal to the angle EBF. 



>.} 



1.4. 



Proposition III. From the greater of two given straight lines a part 
may be cut off equal to the less. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition IV. If two triangles have two sides of the one equal to 
two sides of the other each to each, and have also the angles contained 
by those sides equal to one another, their third sides are equal and 
their other angles are equal, namely, those to which the equal sides are 
opposite. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Axiom 9. The whole is greater than its part. 
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PROPOSITION XXVL (continued). 
CaselL 

In the triangles ABC and DBF; 
given that the angle ABC is equal to the angle DBF, and the angle BCA 
equal to the angle EFD, and that AB is equal to DB ; 
it is required to proye that the angle BAC is equal to the angle EDF, 
and that BC is equal to EF and AC to DF 





Supposing BC not equal to EF, let BC be the greater. 
From BC cut off BII equal to EF. 
Join AH. 

In the triangles ABU and DEF; 

because AB is equal to BE, 
and BH is equal to EF, 
and the angle ABH is equal to the angle DEF; 
therefore the angle BII A is equal to the angle DFE. 

Because the angle BHA is equal to the angle DFE, 
and the angle ACB is equal to the angle DFE; 
therefore the angle BHA is equal to the angle ACB. 

Because, if BC is not equal to EF, then the angle BHA is 

the angle ACB, 

and this is impossible ; 

therefore BC is equal to EF. 

In the triangles ABC and DEF; 

because AB is equal to DE, 
and BC is equal to EF, 
and the angle ABC is equal to the angle DEF ; 

therefore AC is equal to DF, 
and the angle BAC is equal to the angle EDF. 

Therefore, if two triangles &c. 



m. 

1.3. 

Post. 2. 

Hyp. 

Constr. 

Hyp. 

I. 4. 

Proved. 

Hyp. 

Axiom 1. 

equal to 

Proved. 
I. 16. 

G. 



Hyp. 

Proved. 

Hyp. 

I. 4. 



Q. E. D. 
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Proposition III. Prom the greater of two given straight lines a 
part may be cut off equal to the less. 

Postulate 1. A straight line may be drawn from any one point to 
any other point. 

Proposition IV. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have also the angles 
contained by these two sides equal, the other angles are equal each to 
each, namely those to which the equal sides are opposite. 

Axiom 1. Magnitudes which are equal to the same magnitude are 
equal to one another. 

Proposition XVI. If one side of a triangle be produced, the 
exterior angle is greater than either of the interior opposite angles. 



P. 0. 9 
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PROPOSITION XXVII. THEOREM. 

If a straight line falling on two other straight lines, make the 
alternate angles equal to one another, the two straight lines shall be 
parallel to one another. 

Given that EF falling on AB and CD makes the alternate angles 
AEF and EFD equal to one another ; 
it is required to prove tliat AB is parallel to CD. 




Supposing that AB and CD being produced will meet ; 

let them be produced towards B and D, and meet at G. Post. 2. 

Because EGF is a triangle ; Supposed, 

therefore the angle AEF is greater than the angle EFG. I. 1 6. 

Because if AB and CD meet towards B and D, 

the angle AEF is greater than the angle EFG, Proved^ 

and the angle AEF is equal to the angle EFG, Hyp. 

and this is impossible ; n. 

therefore AB and CD cannot meet towards B and D. g. 

In the same manner it may be shown that they 
cannot meet towards A and C. 

Because AB and CD cannot meet if produced either way ; Proved. 

therefore AB is parallel to CD. Def. 35. 

Therefore, if a straight line &c. 

Q. E. D. 



PROPOSITION XXVIII. THEOREM. 

If a straight line falling on two other straight lines, make the 
exterior angle equal to the interior and opposite angle on the same side 
of the line, or maka the interior angles on the same side together equal 
to two right angles, the two straight lines shall be parallel to one 
another. 

Gives that EF cuts AB at G, and CD at H, and that the angle EGB 
is equal to the angle GHD ; or that the angles BGH and G1ID are 
together equal to two right angles ; 
IT IS required to FHOYE tltat AB w parallel to CD. 



Because the angle EGB is equal to the angle Gf/D, Hyp. 

and the angle EGB is equal to the angle AGI1 ; I. 15. 

there/ore the angle AGH is equal to the angle GHD. Axiom 1. 

Became the alternate angles A Gil and GHD are equal ; Proved, 
therefore AB is parallel to CD. I. 27. 

Because the angles BG1I and GIID are together equal to two right 

angles, Hyp. 

and the angles A Gil and BGH are together equal to two right 

angles; I. 13. 

t/terefore the angles BGH and GUD are together equal to the angles 
AGH and BG1I. Axioms 11, 6 and 1. 

Because the angles BGH and 67//) are together equal to the angles 

AGU End BGH, Proved. 

let the angle UGH lie taken from each; 
therefore the angle AGH is equal to the angle GUD. Axiom 3. 

Because the alternate angles AGH and GHD sire equal ; Proved, 
tlierefore AB is parallel to CD. I. 27. 

Therefore, if :i straight line 4c. Q. E. D. 
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PROPOSITION XXIX. THEOREM. 

If a straight line fall on two parallel straight lines, it makes the 
alternate angles equal to one another, and the exterior angle equal to 
the interior and opposite angle on the same side ; and also the two 
interior angles on the same side together equal to two right angles. 

Given that AB and CD are parallel, and that EF cuts AB at G and 
CD at H; 

it is required to PROVE that the angle AGH is equal to the angle GHD 9 
that the angle EGB is equal to the angle GHD, and that the angles BGH 
and GHD are together equal to two right angles. 




Supposing the angle AGH not equal to the angle GHD, let the 
angle AGH be greater than the angle GHD. 

Because the angle AGH is greater than the angle GHD, Supposed. 
let the angle BGH be added to each ; 
therefore the angles AGH and BGH are together greater 

than the angles BGH and GHD. w. 

Because the angles A GH and BGH are together equal to two 

right angles, I. 13. 

and the angles AGH and BGH are together greater 

than the angles BGH and GHD ; Proved, 

there/ore the angles BGH and GHD are together less than 

two right angles. t. 

Because the angles BGH and GHD are together less than 

two right angles ; Proved. 

therefore AB and CD would meet if produced. Axiom, 12. 

Because, if the angle A GH is not equal to the angle GHD, 

AB and CD would meet if produced, Proved, 

and this is impossible ; Hyp. and Def. 35. 

therefore the angle AGH is equal to the angle GHD. o. 
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Because the angle EGB is equal to the angle AGH 9 L 15. 

and the angle GHD is equal to the angle AGH ; Proved. 

therefore the angle EGB is equal to the angle GHD. Axiom 1. 

Because the angle EGB is equal to the angle GHD, Proved. 
let the angle BGH be added to each ; 
therefore the angle EGB together with the angle BGH is equal to 

the angle GHD together with the angle BGH. Axiom 1. 

Because the angle EGB together with the angle BGH is equal to 

the angle GHD together with the angle BGH, Proved, 

and the angle EGB together with the angle BGH is equal to 

two right angles ; L 13. 

tlierefore the angle GHD together with the angle BGH is equal to 

two right angles. Axiom 1. 

Therefore, if a straight line <fcc. 

Q. £. D. 
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PROPOSITION XXX. THEOREM. 

Straight lines which are parallel to the same straight line are 
parallel to each other. 

Given that AB and CD are each parallel to EF ; 
IT is required to prove that AB is 'parallel to CD. 




Draw GK, cutting AB at G, EF at H, and 

CD at K. 



B. 



Because AB is parallel to EF, Hyp* 

and GH meets them ; Constr. 

therefore the angle AGH is equal to the angle GHF. I. 29. 

Because EF is parallel to CD, Hyp* 

and GK cuts them ; Constr. 

therefore the angle GHF is equal to the angle HKD. I. 29. 

Because the angles A GH and HKD are each equal 

to the angle GHF; Proved, 

therefore the angle AGH is equal to the angle HKD. Axiom 1. 

Because the angle A GH is equal to the alternate angle HKD ; Proved. 

therefore AB is parallel to CD. I. 27. 



Therefore, straight lines &c. 



Q. E. D. 
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PROPOSITION XXXI. PROBLEM. 

To draw a straight line through a given point parallel to a given 
straight line. 

Given A and BC ; 
it is required to dra.w through A a straight line parallel to BC. 



8 Ci 



D being a point in BC, join AD. Post. 1. 

At A in A D make the angle DAE equal to the I. 23. 

angle ADC, so that A E is on the same side of 

AD as DB. I. 23 {note). 

Produce EA to F. Post. 2. 

« 

EF shall be parallel to BC. To be proved. 

Because the angle EAD is equal to the alternate 

angle ADC ; Constr. 

tlierefore EF is parallel to BC. I. 27. 

Q. E. F. 

Note : — A straight line may be drawn from a given point parallel 
to a given straight line in either direction. 
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PROPOSITION XXXII. THEOREM. 

If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles ; and the three interior angles 
of every triangle are together equal to two right angles. 

In the triangle ABC ; 
given t/uti BC is produced to D ; 

it is required to PROVE that the angle ACD is equal to the angle CAB 
togetlier with the angle ABC ; and tluzt the angle CAB, logetlier with the 
angle ABC, together with tlie angle BCA, is equal to two right angles. 




From C draw CE parallel to BA, 
CE being on the same side of BD as AB. 

Because CE is parallel to BA ; 
there/ore the angle ACE is equal to the angle CAB. 

Because CE is parallel to BA ; 
there/ore the angle ECD is equal to the angle ABC. 

Because the angle ACE is equal to the angle CAB, \ 
and the angle ECD is equal to the angle ABC)) 
therefore the angle ACD is equal to the angle CAB 
together with the angle ABC. 



I. 31. 
I. 31 (note). 



Constr. 
I. 29. 

Constr. 
I. 29. 

Proved. 
Axiom 2. 



Proved. 



Because the angle ACD is equal to the angle CAB 

together with the angle A BC, 

let the angle BCA be added to each ; 

therefore the angle ACD together with the angle BCA, 

is equal to the angle CAB, together with the angle ABC, 

together with the angle BCA. Axiom 2. 
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Because the angle ACD together with the angle BCA, 
is equal to the angle CAB, together with the angle ABC, 

together with the angle BCA, Proved, 

and the angle ACD, together with the angle BCA, 

is equal to two right angles; I. 13. 

therefore the angle CAB, together with the angle ABC, together with 
the angle BCA, is equal to two right angles. Axiom 1. 

Therefore, if a side of any triangle <fcc. 

Q. e. d. 
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COROLLARY I. TO PROPOSITION XXXII. 

All the interior angles of any rectilineal figure, together with four 
right angles, are equal to twice as many right angles as the figure 
has sides. 

Any rectilineal figure can be divided into as 
many triangles as the figure has sides, by draw- 
ing straight lines from a point within the 
figure to each of its angles. 

Because all the angles of these triangles are equal to twice as many 
right angles as there are triangles, that is, as the figure has sides, I. 32. 
and that the same angles are equal to all the interior angles of the 
figure, together with the angles at the point which is the common 
vertex of the triangles, 

and that these angles at the vertex are together equal to four right 
angles, I. 15 (Cor.). 

Therefore all the interior angles, together with four right angles, 
are equal to twice as many light angles as the figure has sides. Ax. 1. 



COROLLARY II. TO PROPOSITION XXXII. 

All the exterior angles of any rectilineal figure are together equal to 
four right angles. 

Because every interior angle, with its 
adjacent exterior angle, is equal to two 
right angles, (I. 13.) 

Therefore all the interior angles, to- 
gether with all the exterior angles, are 
equal to twice as many right angles as the 
figure has sides. (s.) 

Because all the interior angles, with 

four right angles, are equal to twice as many right angles as the figure 

has sides, Cor. I. 

and all the interior angles, with all the exterior angles, are equal to 

twice as many right angles as the figure has sides, Proved, 
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Therefore all the interior angles, together with four right angles, are 
equal to all the interior angles together with all the exterior 
angles. Axiom 1. 

Because all the iaterior angles, together with four right angles, are 
equal to all the interior angles, together with all the exterior 
angles, Proved. 

Therefore all the exterior angles are equal to four right angles. Ax. 3. 
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PROPOSITION XXXIII. THEOREM. 

The straight lines which join the extremities of two equal and 
parallel straight lines towards the same parts, are also themselves 
equal and parallel. . 

Given that AB and CD are equal and parallel, and joined towards 
the same parte by AG and BD ; 
it is required to prove that AG and BD are equal and parallel. 




Join BG 

Because AB is parallel to CD, 

and BG meets them ; 

tfierefore the angle ABC is equal to the angle BGD. 

In the triangles ABC and DGB ; 

because AB is equal to CD, 

and BG is common to the two triangles, 

and the angle ABC is equal to the angle BCD ; 

therefore AC is equal to BD, \ 

and the angle AGB is equal to the angle CBD. ) 



Post. 2. 

Hyp. 

Constr. 

1.29. 



Hyp. 

g- 
Proved. 

I. 4. 



Because the angle ACB is equal to the alternate angle CBD ; Proved. 

therefore AC is parallel to BD, L 27. 

and AC is equal to BD. Proved. 



Therefore, the straight lines &c. 



Q. E. D. 



GEOMETRY. 



PROPOSITION XXXIV. THEOREM. 
The opposite sides and angles of a parallelogram are equal, and the 
diagonal bisects the parallelogram, that is, divides it into two equal parts. 

Gives that ACDB is a parallelogram, of which BC is a diagonal ; 
it is required to prove that the opposite sides and angles of ACDB a 
equal, and that BC bisects ACDB. 







Ihrrcfon 



Def. 36. 
I. 29. 



Beran.se AB is parallel to CD, ) 
and BC meets them ; J 

e the angle ABC is equal to the angle DCB, 
Because AC is parallel to BD, \ 
- and BC meets them ; / 

therefore the angle ACB is equal to the ang!e CBD. 
In the triangles ABC and BCD ; 

because the angle ABC is equal to the angle BCD, 1 
and the angle ACB ia equal to the angle CBD, J 
and BC is common to the two triangles ; 
tlierefore AB is equal to CD, . 

and AC is equal to BD, t 

and the angle CAB is equal to the angle CDB. ) 

Because the angle ABC is equal to the angle BCD, \ 
and the augle CBD is equal to the angle ACB; ) 
th'-refvre the angle ABD is equal to the angle ACD. 

In the triangles, A BC and BCD ; 

because AB is equal to CD, -. 

and AC ia equal to BD, \ 

and the angle C A B is equal to the angle CDB ; ) 
therefore the triangle ABC is equal to the triangle DCB ; I. 4, 
that is, BC bisects the parallelogram ACDB. 
Therefore, the opposite sides &e. 
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PROPOSITION XXXV. THEOREM. 

Parallelograms on the same base, and between the same parallels, 
are equal to one another. 

Given that the parallelograms A BCD and EBCF are on the same 
base BC, and between the same parallels AF and BC ; 
it is required to prove that the parallelogram A BCD is equal to the 
parallelogram EBGF. 




Case 1. 

If the sides of the parallelograms opposite to the common 
base BC, are terminated at the same poiut D, then ; 

because each parallelogram is double of the triangle BBC \ I. 34. 
therefore the parallelograms are equal. Axiom 6. 

Case 2. 

If the sides of the parallelograms opposite to the common 
base BC, are not terminated at the same point, then ; 

because AD is equal to BC, I. 34. 

and EF is equal to BC ; L 34. 

therefore AD is equal to EF. Axiom 1. 

Because AD is equal to EF, Proved. 

let DE be added to or taken from each ; 
therefore the whole or remainder AE is equal to the whole or 

remainder DF. Axioms 2 and 3. 

In the triangles EAB and FDC ; 

because AE is equal to DF, Proved. 

and AB is equal to DC, I. 34. 

and the angle EAB is equal to the angle FDC; I. 29. 

therefore the triangle EAB is equal to the triangle FDC. I. 4. 

Because if from the trapezium ABCF, the triangles EAB and FDC 

be taken iu turn, the remainders are equal ; Axiom 3. 
titer ef ore the parallelogram ABCD is equal to the 

parallelogram EBCF. 

Therefore, parallelograms on the &c. Q. e. d. 



GEOMETRY. 143 

PROPOSITION XXXVI. THEOREM. 

Parallelograms on equal bases, and between tbe same parallels, are 
equal to one another. 

Gives that the pandMogramt ABCD and EFGTT are mi equal bases, 

BO and FG, and bclicten, the an me parnlb-h All and BG ; 

IT IS REQUIRED TO PKOVE that the jiui-uili-loiji-(ii,i ABCD is equal to t/te 

parallelogram EFG1I. 







Because BC i 

and EH i 

therefore BO i> 



and BE a.nd CH joi 



Post. 1. 
Hyp. 

1.34. 
Axiom 1, 

Proved. 
Hyp. 

parts ; Constr. 

I. 33. 

Hyp. 

Proved. 

Def. 36. 

me base BC, a. 



BE and CH. 

equal to FG, 
equal to FG ; 
equal to EH. 
:se BG is equal to EH, 
id BC is parallel to EH, 
BO and EH towards the t 
-e BE is parallel to CH. 
Because EH is parallel to BO, 
and BE is parallel to CH; 
titerefore EBCH is a parallelegivim. 
the parallelograms ABCD and EBCHaxe on t 

and between the same parallels BO and AH; Hyp. 

therefore the parallelogram A ISO I.) \a equal to lite parallelogram 

EBCH. I. 35. 

Because the parallelograms EFGIl and EBC/fare ou the same base EH, a. 
flic? between tlio same parallel* bill and BG ; Hyp- 

therefore the parallelogram EFGIl is equal to the parallelogram 

EBCH. I. 35. 

Because the parallelograms -I A'C'Z* ami Rl'GH are 

each equal to the parallelogram F.BOH; Proved, 

tlterrjbre the parallelogram ,1 />'C/> in equal to the parallelogram 
J? /</?//. Jw 

Therefore, parallelograms, ic. 

0., e. v. 
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PROPOSITION XXXVII. THEOREM. 

Triangles on the same base, and between the same parallels, are 
equal. 

Given that the triangles ABC and DBC are on the same base BC, and 
between the same parallels AD and BC ; 

rr is required to prove that the triangle ABC is equal to tlie triangle 
DBC. 




Produce AD both ways. Post. 2. 

From B draw BE parallel to CA. I. 31. 

Let BE meet DA produced at E. c. 

From C draw CF parallel to BD. I. 31. 

Let CF meet AD produced at F. c. 

Because EBCA, and DBCF 9 are parallelograms, Hyp. Constr. and Def. 

and on the same base BC, \ „ 

and between the same parallels BC and EF; j 
therefore the parallelogram EBCA is equal to the parallelogram 

DBCF. L 35. 

Because the triangle ABC is half of the parallelogram EBCA A T „. 
and the triangle DBC is half of the parallelogram DBCF f ) 
and the parallelogram EBCA is equal to the parallelogram 

DBCF; Proved, 

therefore the triangle ABC is equal to the triangle DBC. Axiom 7. 

Therefore, triangles on the same base &c. 

Q. E. D. 



PROPOSITION XXXVTII THEOREM. 

Triangles on equal bases, and between the same parallels, are equal 
to one another. 

Given that the triangles ABC and DEF are on equal bases BC, EF, 
and between ike same parallels BF and AD ; 

it is required to PROVE that the triangle ABC is equal to the triangle 
DEF. 




Produce AD both ways. 

Through B draw BG parallel to CA. 1 
Through F draw Fn parallel to ED. j 



Post. 2. 
I. 31. 



Let BG meet DA produced at G, ) 
and FH meet A D produced at H. } Ci and m JP- 

Because GBCA and B-EFHnre pariilli'lograiii.s, Hyp. Constr. and Def. 36. 
and on equal bases BC, and EF, Hyp- 

and between the same parallels ; Hyp. 

therefore the parallelogram GBCA is equal to the parallelogram 

DEFH. I. 36. 



1.34. 



Became the triangle ABC is half of the parallelogram GBCA, 1 

and the triangle DEF is half of the parallelogram DEFH, j 

and the parallelogram GBCA is equal to the parallelogram 

DEFH; Proved. 

there/ore the triangle ABC is equal to the triangle DEF. Axiom 7. 

Therefore, triangles on equal bases ifcc. 
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PROPOSITION XXXIX. THEOREM. 

Equal triangles on the same base, and on the same side of it are 
between the same parallels. 

Given that the triangles ABC and DBC are equal, and on the same 
base BC and on tlie same side of it, and that AD is joined ; 
it is bequired to prove tlvat AD is parallel to BC. 





From A draw AE parallel to BC. 

Supposing AD does not coincide with AE, 
let AE meet BD or BD produced at E. 

Join EC. 



I. 31. 



z. 



Post. 1. 



Because AE is parallel to BC ; Constr. 

there/ore the triangle EBC is equal to the triangle ABC. I. 37. 

Because the triangle EBC is equal to the triangle ABC, Proved. 

and the triangle DBC is equal to the triangle ABC ; Hyp. 

therefore the triangle EBC is equal to the triangle DBC. Axiom 1. 



Because if AD does not coincide with AE, 

the triangle EBC is equal to the triangle DBC, 

and this is impossible ; 

therefore AD does coincide with AE, 

and is parallel to BC. 



Proved. 

Axiom 9. 

G. 



Therefore, equal triangles <fcc. 



Q. E. D. 



(iKOJIF.TUY. 



PROPOSITION XL. THEOREM. 

Equal triangles, on equal bases, in the same straight line, and on the 
same side of it, are between the same parallels. 

Given that the, triangles ABC and DEF are equal, and on the equal 
bases BC, EF, which are in the same straight line BE, that the triangle* 
are on the same side of BE, and that AD is joined; 
it is Bequired to prove that AD is parallel lo BF. 







i A draw AG parallel to BE. 



Supposing AD docs not coincide with AG, 
let AG meet ED at ED produced at G. 



lecause AG is parallel to BF, 
and BC is equal to EF; 



Constr. 
Hyp. 



therefore the triangle GEF is equal to the triangle ABC. I. 38. 

Because the triangle GEF is equal to the triangle ABC, Proved. 
and the triangle DEE is equal to the triangle ABC ; Hyp- 
therefore the triangle GEFia equal to the triangle DEF. Axiom 1. 



e if AD does not coincide with AG, 

the triangle GEF is equal to the triangle DEF; 

and this is impossible ; 

therefore AD does coincide with AG 

and is parallel to BF. 

Therefore, equal triangles &e. 
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PROPOSITION XLI. THEOREM. 

If a parallelogram and a triangle be on the same base, and between 
the same parallels, the parallelogram shall be double of the triangle. 

Given that the parallelogram A BCD, and the triangle EBC a/re on 
the same base BC, and between the same parallels, BC and AE ; 
it is required to prove that the parallelogram A BCD is double of the 
triangle EBG. 




Join AC. 



Post. 1. 



Because AE is parallel to BC; Hyp. 

therefore the triangle ABC is equal to the triangle EBC. I. 37, 

Because the parallelogram ABCD is double of the triangle ABC, I. 34. 

and the triangle EBC is equal to the triangle ABC ; . Proved. 

tfierefore the parallelogram ABCD is double of the triangle EBC* q. 



Therefore, if a parallelogram <fcc. 



Q. E. D. 



GEOMETRY. 
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PROPOSITION XLII. PROBLEM. 

To describe a parallelogram that shall be equal to a given triangle, 
and hare one of its angles equal to a given rectilineal angle. 

Given tlte triangle ABC and i/v- re<:t.Uiii".al angle D; 
it ia required to describe a parallelogram equal to the triangle ABC, 
and leaving one of its angles equal to the angle D. 




Bisect BC at E. I. 10. 

Join AE. Post. 1. 

At E in EG make the angle CEF equal to the angle L>. I. 23. 

Let EF be on the same side of BC as AE. I. 23 (note). 

Through A draw AG parallel to EC. 1. 31. 

Let EF meet AG at F. B. 

Through C draw CG parallel to EF. I. 31. 

Let GC meet AG at G. B. 

FECG shall be the parallelogram required. To he proved. 

Because FG i» parallel to EC, C'onstr. 

and CG is parallel to EF; Conslr. 

therefore FECG is a parallelogram. Def. 36. 

Became BE is equal to EC ; Constr. 

therefore the triangle ABE is equal to the triangle AEC. I. 38. 
Because the triangle ABE ia equal to the triangle AEC ; Proved, 
therefore the triangle ABC is double of the triangle AEC. 
Because the parallelogram FFA'il and the triangle AEC are on the 
same base EC, and betweon the name parallels EC, AG; Constr. 
tlierefore the parallelogram FECG is double of the triangle AEC. I. 41. 
Because the triangle ABC and the parallelogram FECG are 

each doublo of the triangle AEC ; Proved, 

therefore the parallelogram FECG is described equal to the 

triangle ABC. Axiom 6. 

And it has one of its angles FEG equal to the angle I). Conslr. 
P, E. F. 
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PROPOSITION XLIII. THEOREM. 

The complements of the parallelograms which are about the diagonal 
of any parallelogram, are equal to one another. 

Note: If through any point in the diagonal of a parallelogram 
straight lines are drawn parallel to two adjaoent sides; of the four 
parallelograms thus formed, those two through which the diagonal 
passes are called parallelograms about the diagonal, and the other two 
are called complements. 

In the parallelogram A BCD, 
given that AC is a diagonal, tliat AHKE and KFCG are parallelograms 
about AC, and that EKGB and HDFK are tteir complements ; 
it is required to prove that the complements EKGB and HDFK are 
equal. 




Because ABCD is a parallelogram, Hyp. 

and AC its diagonal ; Hyp. 

therefore the triangle ABC is equal to the triangle ADC. I. 34. 

Because AHKE is a parallelogram, Hyp. 

and A K its diagonal ; Def. 36. 

tJierefore the triangle AEK is equal to the triangle AHK. I. 34, 

Because KFCG is a parallelogram, Hyp. 

and KC its diagonal ; Def. 36. 

therefore the triangle KGC is equal to the triangle KFC. I. 34. 

Because the triangle AEK is equal to the triangle AHK, Proved, 
and the triangle KGC is equal to the triangle KFC ; Proved, 
therefore the triangle A EK together with the triangle KGC is equal 
to the triangle AHK together with the triangle KFC. Axiom 2. 
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Because the triangle ABC is equal to the triangle ADC, Proved. 

and the triangle AEK together with the triangle KGC is equal 

to the triangle AHK together with the triangle KFC ; Proved. 

therefore the complement EKGB is equal to the complement 

HDFK. Axiom 3. 

Therefore, the complements Ac. 

Q E. D. 
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PROPOSITION XLIV. PROBLEM. 

To a given straight line to apply a parallelogram, which shall be 
equal to a given triangle, and have one of its angles equal to a given 
rectilineal angle. 

Given a straight line AB> a triangle C, and a rectilineal angle D ; 
it is required to apply to AB a parallelogram equal to the triangle C> 
and having an angle equal to the angle D. 




Make a parallelogram BEFG equal to the triangle C, and 

having an angle EBG equal to the angle D y I. 42. 

and place it so that AB and BE are in the same straight line. b. 

Produce FG. Poet. 2. 

Through A draw AH parallel to FE. I. 31. 

Let AH meet FG produced at H. A. 

Join HB. Poet. 1. 

Because AH is parallel to FE, Constr. 

and GB is parallel to FE ; Constr. and Def. 36. 

therefore AH is parallel to GB. I. 30. 

Because AH is parallel to EF, Constr. 

and FH meets them ; Constr. 

there/ore the angles AHF and EFH are together equal to 

two right angles, I. 29. 

and the angles BHF and EFH are together less than 

two right angles. Axiom 9. 

Because the angles BHF and EFH are together less than 

two right angles ; Proved. 

therefore HB and FE will meet if produced. Axiom 12. 



i 
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Let them be produced, Post. 2. 

and meet at K. Proved. 

From K draw KL parallel to EA. I. 31. 

Because KL is parallel to EA, Constr. 

and FG is parallel to EA ; Comtr. and Be/. 36. 

there/ore KL is parallel to FG. I. 30. 

Produce GJB and II A , Post. 2. 

and let them meet KL at M and L. B. 

Then ABML shall be the parallelogram required. To be proved. 

Became FKLH is a parallelogram, and FB 

and BL its complements ; Constr. 

therefore the complements FB and 2?Z/ are equal. I. 43. 

Because the triangle C is equal to the parallelogram FB, Constr. 

and the parallelogram BL is equal to the parallelogram FB ; Proved. 

therefore the parallelogram BL is equal to the triangle C. Axiom 9. 

Because the angle ABM is equal to the angle EBG 9 I. 15. 

and the angle i> is equal to the angle EBG ; Constr. 

therefore the angle ABM is equal to the angle D. Axiom 1. 

The parallelogram BL is equal to the triangle (7, ) p , 
and has the angle ABM equal to the angle 2), J 

and is applied to AB. a. 

Q. E. F. 



Note. The parallelogram may be described on either side of the 
given line. 
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PROPOSITION XLV. PROBLEM. 

To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle. 

Given the rectilineal figure A BCD, and the rectilineal angle E ; 
it is required to describe a parallelogram equal to A BCD, and liaving 
an angle equal to E. 




Join BD. Post. 1. 

Describe the parallelogram FGHK equal to the triangle ABD y 

and having the angle FKH equal to the angle E. I. 42. 
To GH apply the parallelogram GUML equal to the triangle DBC, 

and having the angle GHM equal to the angle E, I. 44. 

and let GHML be on the side of GH remote from FK. I. 44 (note). 

FKML shall be the parallelogram required. To be proved. 

Because the angles FKH and GHM are each 

equal to the angle E ; Constr. 

therefore the angle FKH is equal to the angle GHM. Axiom 1 . 

Because the angle FKH is equal to the angle GHM, Proved. 
let the angle GHK be added to each ; 
therefore the angles FKH and GHK are together equal to the 

angles GHM and GHK. Axiom 2. 

Because the angles FKH and GHK are together equal to 

two right angles, I. 29. 

and the angles FKH and GHK are together equal to the 

angles GHM and GHK ; Proved. 

tJierefore the angles GHM and GHK are together equal 

to two right angles. Axiom 1. 



Because the angles GHM and GIIK are together equal to 

two right angles ; Proved, 

t/terefore KM ia a straight line. I. 14. 

Because FG is parallel to KM, Conttr. 

and GH meetH them ; Comlr. 

tlterefore the angle FGH is equal to the angle GUM. I. 29. 

Because the angle FGH is equal to the angle GUM, Proved. 
let the angle LGH he added to each ; 
therefore the angles FGll ami LGll are together equal to the 

angles GHM and LGH. Axiom 2. 

Because the angles GHM and LGH are together equal 

to two right angles, I. 29. 

and the angles GHM and LGH are together equal to the 

angles FGH And LGH; Proved, 

therefore the angles FGH and LGH are together equal to 

two right angles. Axiom 1. 

Because the angles /"(?// and LGH are together equal to 

two right angles ; Proved, 

therefore FL is a straight line. I. 29. 

Became FK imd LM are eaeh parallel to GH; Constr. 

therefore FK is parallel to LM, I. 30. 

and FKML is a parallelogram. Def. 36. 



\ Conslr. 



Because the parallelogram FH ia equal to the triangle J5Z), " 
and the parallelogram (A)/ is equal to the triangle BBC ;t 
iliKi-ifure tlic ti;>i;illcl'.Ji.'i";S! i i /■',!/ is described equal to the 1 , . „ 
_i-v i c .o^r. } Axiom 2. 

rectilineal figure ABGI), j 

and having tlio angle /'AM/ equal to the angle />'. Constr. 

q. E. F. 



Corollary. From thia it ia manifest how to a given straight line, to 
apply a parallelogram which shall have an angle equal to a given 
rectilineal angle, and shall lie equal to a given rectilineal figure. 
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PROPOSITION XLVI. PROBLEM. 

To describe a square on a given straight line. 

Given a straight line AB ; 
it is required to describe a square upon AB. 




From A draw AC at right angles to AB. I. 11. 

From AC, produced if necessary, cut off AD equal to AB. I. 3. 



From D draw DE parallel to AB, 
and from B draw BE parallel to AD 



':} 



I. 31. 



Let BE and DE meet at E. D. 

A DEB shall be a square described on AB. To be proved. 

Because A DEB is a parallelogram ; Constr. and Def. 36. 
therefore DE is equal to AB, and EB is equal to AD. I. 34. 



Because EB is equal to AD, 
and AB is equal to AD ; 
therefore EB is equal to AB. 



Proved. 

Constr. 

Axiom 1. 



Because DE, AD, and EB are each equal to AB ; Proved, 
therefore ADEB has all its sides equal Axiom 1. 

Because AB is parallel to DE, Constr. 

and AD meets them ; Constr. 

t/ierefore the angles BAD and ADE are together equal to 

two right angles. I. 29. 

Because the angles BAD and ADE are together equal to 

two right angles, Proved. 

and BAD is a right angle ; Constr. 

tlwrefore ADE is a right angle. Axiom 3. 
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Because the angle DEB is equal to the angle BAD, } T S4- 

and the angle ABE is equal to the angle ADE, J 
and BAD and ADE are right angles ; Constr. gmd proved, 
tlierefore DEB and ABE are right angles. Axiom 1. 



Because ADEB has all its sides equal, 
and all its angles right angles ; 
therefore A DEB is a square, 
and it is described on AB. 



Proved. 

Proved. 

Def. 30. 

a. 

Q. E. F. 



Note. A square may be described on either side of a given straight 



line. 



Corollary. Hence every parallelogram that has one angle a right 
angle, has all its angles right angles. 
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PROPOSITION XLVII. THEOREM. 

In any right-angled triangle, the square which is described on the 
side subtending the right angle, is equal to the squares described on 
the sides which contain the right angle. 

In the triangle ABC ; 
given that BAG is a right angle; 

it is required to prove that the square on BG is equal to tlve square on 
BA togetJier with the square on AG. 




On BG describe the square BDEC. 
On BA describe the square ABFG. 
On AG describe the square ACKH. 



I. 46. 



Let each of these squares be exterior to the triangle ABC* I. 46 (note). 

From A draw AL parallel to BD. I. 31. 



Let AL cut BC and meet BE at Z. 

Join AD and FC. 

Because BAG is a right angle, 
and GAB is a right angle ; 
therefore GC is a straight line. 



E. 

Post. 1. 

Hyp. 

Def. 30. 

I. 14. 



Because the angle DBG is equal to the angle FBA, Def. 30 and Ax. 11. 

let the angle ABC be added to each ; 
therefore the angle DBA is equal to the angle FBC. Axiom % 
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In the triangles DBA and FBC ; 

because DB is equal to BC 9 \ 7) /* 30 

and BA is equal to BF, j 
and the angle DBA is equal to the angle FBC ; Proved, 
therefore the triangle DBA is equal to the triangle FBC. I. 4. 

Because AL is parallel to BD ; Constr. 

therefore the parallelogram BL is double of the triangle DBA. I. 41. 

Because GC is a straight line, Proved. 

and GC is parallel to FB ; Constr. I. 46. 

therefore the square GB is double of the triangle FBC. I. 41. 

Because the parallelogram 2?Z is double of the triangle DBA, ) 

and the square GB is double of the triangle FBC, r Proved, 
and the triangle DBA is equal to the triangle FBC ; ) 
therefore the square GB is equal to the parallelogram BL. Axiom 6. 

In the same manner, by proving AL parallel to CE, and joining AE 
and BE, it may be shown that the square CH is equal to the 
parallelogram CL. 

Because the square GB is equal to the parallelogram BL 9 ) 

and the square CH is equal to the parallelogram CL ;J ^ rovea * 
therefore the whole square BE is equal to the square GB, 

together with the square CH; Axiom 2. 

that is, the square on BC is equal to the square on BA 

together with the square on AC. Constr. 

Therefore, in any right-angled triangle &c. 

Q. E. D. 
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PROPOSITION XLVIII. THEOREM. 

If the square described on one of the sides of a triangle be equal to 
the squares described on the two other sides of it, the angle contained 
by these two sides is a right angle. 

In the triangle ABC ; 
given t/uit the square on BC is equal to the square on BA togetJier with, 
tlie square on AC ; 
it is required to PROVE tluxt BAC is a right angle. 




From A draw a straight line at right angles to AC. L 11. 

From this line, produced if necessary, Post. 2. 

cut off AD equal to AB. L 3. 

Join DC. Post. 1. 

Because AD is equal to AB ; Constr. 

therefore the square on AD is equal to the square on AB. F. 

Because the square on AD is equal to the square on AB, Proved. 
let the square on AC be added to each; 
therefore the square on AD, together with the square on AC, 
is equal to the square on AB, together with the square on AC. Axiom 2. 

Because the square on AD, together with the square on AC, is 

equal to the square on DC, I. 47. 

and the square on AB, together with the square on AC, is 

equal to the square on BC, Hyp, 

and the square on AD, together with the square on AC, is equal 

to the square on AB, together with the square on AC; Proved, 
therefore the square on DC is equal to the square on BC. Axiom 1. 
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Because the square on DC is equal to the square on BC ; Proved. 

therefore DC is equal to BC. F. 

In the triangles BAC and BAC ; 

because BA is equal to DA, Constr. 

and AC is common to both triangles, g. 

and BC is equal to DC ; Proved. 

therefore the angle BAC is equal to the angle DAC. I. 8. 

fiecause the angle BAC is equal to the angle DAC, Proved. 

and DAC is a right angle ; Constr. 

therefore BAC is a right angle. Axiom 1. 



Therefore, if the square <fec. 



Q. E. D. 



p. G. 



II 



PARTICULAR ENUNCIATIONS AND DIAGRAMS 



OF THE PROPOSITIONS OF EUCLID'S 



FIRST BOOK OF GEOMETRY. 



11—2 
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GEOMETRY. 



PROPOSITION I. 

Given the straight line BC 9 

It is required to describe on BC an equilateral triangle. 




PROPOSITION II. 

Given the point B and the straight line AC, 

It is required to draw from B a straight line equal to AC. 




GEOMETRY. 



165 



PROPOSITION III. 

Given the two straight lines AB and CD of which AB is the 
greater, 

It is required to cut off from AB a part equal to CD. 




PROPOSITION IV. 

In the triangles BCD and EFG 9 

Given BC equal to EF and CD equal to FG and the angle BCD 
equal to the angle EFG 9 

It is required to prove that BD is equal to EG 9 and the triangle 
BCD is equal to the triangle EFG, also the angle GBD equal to the 
angle FEG and the angle CDB equal to the angle FGE. 
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PROPOSITION IX. 

Given the angle BCD, 

It is required to bisect the angle BCD. 




PROPOSITION X. 



Given the straight line CD, 
It is required to bisect CD. 




PROPOSITION XL 

Given the straight line CD and A a point in it, 

It is required to draw from A a straight line at right angles to CD. 
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PROPOSITION XII. 

Given the straight Hue BC and A a point without it, 

It is required to draw from A a straight line perpendicular to BC. 




PROPOSITION XIII. 

Given that the straight line CD makes with the straight line EF on 
one side of it the angles CDE and CDF, 

It is required to prove that the angles CDE and CDF either are 
two right angles or are together equal to two right angles. 




PROPOSITION XIV. 

Given that at the point D an extremity of the straight line DC, the 
two straight lines DE and DF on opposite sides of CD make the 
adjacent angles CDE and CDF together equal to two right angles, 

It is required to prove that DE and DF are in the same straight 
line. 
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PROPOSITION XV. 

Given that the two straight lines CD and FF cut one another at the 
point A, 

It is required to prove that the angle CAF is equal to the angle 
FA D, and the angle CAF equal to the angle DAF. 




PROPOSITION XVI. 

In the triangle CBD, 
Given that BD is produced to F, 

It is required to prove that the angle CDF is greater than either of 
the angles BCD or CBD. 




PROPOSITION XVII. 

Given the triangle BCD, 

It is required to prove that any two of its angles are together less 
than two right angles. 
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PROPOSITION XVIII.. 

In the triangle CDE, 
Given that CD is greater than CE, 

It is required to prove that the angle CED is greater than the 
angle CDS. 




PROPOSITION XIX. 

In the triangle BCD, 

Given that the angle BCD is greater than the angle CBD, 

It is required to prove that BD is greater than CD. 




PROPOSITION XX. 

Given the triangle EFG, 

It is required to prove that any two of its sides are together greater 
than the third side. 
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PROPOSITION XXL 

In the triangle DBC, 

Given that A is a point within the triangle and that AB and AC are 
drawn, 

It is required to prove that AC and AB are together less than 
DC and DB, and that the angle CAB is greater than the angle CDB. 




PROPOSITION XXII. 

Given the three straight lines B, C and D, of which any two are 
greater than the third, 

It is required to construct a triangle having its sides equal to £, C 
and D 9 each to each. 



B 

c 
o 




PROPOSITION XXIII. 

Given the straight line CD and the angle AJSF, 
It is required to make at C an angle equal to AEF. 
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PROPOSITION XXIV. 

In the triangles ACD and BEF f 

Given that AC is equal to BE and AD equal to BF, but the 
angle CAD greater than the angle EBF, 

It is required to prove that CD is greater than EF. 





PROPOSITION XXV. 

In the triangles BCD and EFG, 

Given that BC is equal to EF, BD equal to EG and CD greater 
than FG, 

It is required to prove that the angle CBD is greater than the 
angle FEG, 
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PROPOSITION XXX. 

Given that AB and EF are each parallel to CD, 
It is required to prove that AB is parallel to EF. 



J 



Hi 



PROPOSITION XXXI. 

Given the point G and the straight line AB, 

It is required to draw through Ca straight line parallel to AB. 




PROPOSITION XXXII. 

In the triangle DEF, 

Given that DF is produced to G, 

It is required to prove that the angle EFG is equal to the angles 
FDE and DEF, and that the three angles DEF y DFE and EDF are 
together equal to two right angles. 
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PROPOSITION XXXIII. 

Given that the straight lines BC and DE are equal and parallel, and 
joined towards the same parts by BD and CE, 

It is required to prove that BD and CE are equal and parallel. 




PROPOSITION XXXIV. 

Given that BCDE is a parallelogram of which CE is a diagonal, 
It is required to prove that the opposite sides and angles of BCDE 
are equal, and that CE bisects it. 




PROPOSITION XXXV. 

Given that the parallelograms BCDE and FGDE are on the same 
base ED and between the same parallels ED and BG, 

It is required to prove that the parallelograms BCDE and FGDE 
are equal. 





b f co 



p. o. 



12 
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PROPOSITION XXXVI. 

Given that the parallelograms BCDE and FGHK are on equal bases 
ED and KH and between the same parallels BG and EH, 

It is required to prove that the parallelograms BGDE and FGHK 
are equal. 




PROPOSITION XXXVII. 

Given that the triangles BGD and EGD are on the same base CD 
and between the same parallels BE and CD, 

It is required to prove that the triangles BCD and ECD are 
equal. 




PROPOSITION XXXVIII. 

Given that the triangles BCD and EFG are on equal bases CD and 
FG, and between the same parallels CG and ^j^, 

/< is required to prove that the triangles BCD and j^^(r are equal. 
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PROPOSITION XXXIX. 

Given that the equal triangles ABC and ABD are on the same base 
A B } and on the same side of it, 

It is required to prove that the triangles ABC and ABD are between 
the same parallels. 





Proposition xl. 

Given that the equal triangles BCD and EFA are on equal bases BC 
and EF in the same straight line BF and on the same side of it, 

It is required to prove that the triangles BCD and EFA are between 
the same parallels. 
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PROPOSITION XLI. 

Given that the parallelogram BCDE and the triangle ACD are on 
the same base CD and between the same parallels CD and BE, 

It is required to prove that the parallelogram BCDE is double of 
the triangle ACD. 




PROPOSITION XLII. 

Given the triangle BCD and the angle A, 

It is required to describe a parallelogram equal to the triangle BCD 
and having an angle equal to A. 




PROPOSITION XLIII. 

Given the parallelogram BCDE of which CE is a diagonal, AF and 
HG parallelograms about the diagonal, and BK and KD the comple- 
ments, 

It is required to prove that the complement BK is equal to the 
complement DK. 

b a o 
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PROPOSITION XLIV. 

Given the triangle A, the angle B, and the straight line CD, 
It is required to apply to CD a parallelogram equal to A and having 
an angle equal to B. 

h o k 




PROPOSITION XLV. 

Given the rectilineal figure BCDEF and the angle A, 
It is required to describe a parallelogram equal to BCDEF and 
having an angle equal to A. 




H 



T 




PROPOSITION XLVI. 

Given the straight line CD, 

It is required to describe a square upon CD. 
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PROPOSITION XLVII. 

Given that the angle BCD of the triangle BCD is a right angle, 
It is required to prove that the square on BD is equal to the squares 
on BC and CD. 



E M 




PROPOSITION XLVIIL 

In the triangle BCD, 

Given that the square on BC is equal to the squares on BD and 



CD, 



It is required to prove that the angle BDC is a right angle. 
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Latin Mood Construction. Outlines of. "With Exercise-'. By 

the Rev. C. E. ('. Co'i-r, M.A., F.L.S., F.fi.S. Smull post «m Is, W. 
I.min at Ike BwvtMs. It. Bi(. 
Scala Latins. Elementary Latin Exercises, By llev. 3. W. 

Seals G-rssea : a Series of Elementary Gree!; EierciF.ee. Bv Rer.J. W-. 

Davis, M.A., Bud R. W. Bsdilolej, M.A. :lr. Edition. Fcip.Sro. Hi. Si. 
Greek Versa Composition, By Q. Preston, M.A. Crown Bvo. 4; . firf. 
Greek Particles and their Conibinntmi:- .irconlins to Attic l~'fi«e. 

A Sir.,-i Trnatisr-. liy 1". A. i'aley, M.A. Si. fli 

By tee Be*. P. Ebokt, M.A,, St. Joen's Colleoe, C.imrripoe. 
Bclogse Latina; or, First Latin Rending -Book, with English Notes 

and a Diiiticnnry. Sow Edition, Fcap. 8ro. 2t. Od. 
Materials for Latin Prose Composition. New Edition. Ecap.Svov 

2s. 8d. Key, In. 
A Latin Verse-Book. An Introductory Work on Hexameters and. 

Pentameter!. Nov. Edition, "— 
An ale eta Grseca Minora. 1 



D. 8vo. Ss. 



,vith Introductory Sentences, English 

Materials for Greek Prose Composition. Sew Edit. Fcap. 8vo. 

«l-4t Key,*. 
Plorilegium Poetioum. Elegiac Extracts from Ovid and Tibullaa, 

Ken Edition. With NoMa. Fcup. Sto. St. 

By the Rev. E. E. Ghettos. 
A First Cheque-book for Latin Verse-makers. Is. 6d. 
A Latin Verslom for Master*. 2s. 60?. 
Beddenda: or Passages with Parallel Hints for Translation into 



Educational Works. 



Raddanda Reddita [tee ftefawj, 

Aatkologia Grfeca, A Selection of Glioma Greek Poetry, with Not™. 

By F. St. John Thackeray. «lk ond Ckwpw SUion. ISmo. b. Sd. 
Anthologia Lstina. A Selection ot Choioa Latin Poetr;, from 

Savins to BoBttinjipWitliNotefl. By B.ei. F. St John Thnokorss'. Bjmewl 

and ChaaE^r Edition, tumo. Is- 6d. 

By H. A. Holdeh, LL.D. 
Foliorum Silyula. Part I. Passages (or Translation into Latin 

Elegiac and Heroic Vera*. Irttb. Edition. Posts™. 7j.6d. 

Part II. Select Passages for Translation into Latin Lyrio 

and Comic Inmbic Turs-j. 3rd Edition. Poit Bto. St. 

Part ni. Seleot Passages £or Translation into Greek VeraB. 

3rd Edition. Post Bro. 8a. 

Polls Silvulas, sive Eciogra Poatarum Auglieorunj In Latintun et 

Gnoonm convernm. S-o. Vol. II. 12i. 
Foiiorum Centurias. Select Passages for Translation into Latin 



andGrs 
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TRANSLATIONS, SELECTIONS, &c. 

Many of the following hooka are well adapted for School Prizes. 
Translated into English Prose bv F. A. Paler. M.A. 

2nd Edition. Sto. 7i. 6 J. 
- — - — Translated into English Yerss bv Anna Swanwiuk. Post 

9ro. in. 
Horaca. The Odes and Carmen Sasculare. In English Verso by 

J. Ooninfrto-j, M.A. fltnoJitien. Fcap. 8ro. Sj. ft). 
The Satires and Epistle*. In English Verio by J. Coiling- 

ton, M.A. nth Edition. Si. Bd. 
niastrated from Antique Gema by C. W. King, M.A. The 

t«it revised with Introduction Lj H. A. J.Mnnro, M.A. Large a™. IT. In. 
Horace's Odes. Englished and Imitated by various bands. Edited 

by C. W. F. Cooper. Crown Svo. &.&I. 
Luaua Intercisi. Ver^c. Transit! tud a:r.l Uiigiiia-l, by H. J. 

Hodgson. M. A., formerly Fellow of Trinity CollcS", Cambridge. 5s. 
PropertlUE. Verse Translations from Book V,, with revised Latin 

Text. By F. A. Paley, M.A, Foap. Svo. S». 
Plato Gorgias. Translated by E. M. Cope, M.A. 8vo. 7s. 

Philebus. Translated bvF. A. Paley, M.A. Small Bvo. it. 

TheietetaB. Translatedby F.A.Paley.M.A. SruaUBvo. 4*. 

Analysisand Indci of the Dialogues. By Dr. Day. PostSvo.St, 

Roddsnda Reddita - Passages from English Poetry, with a Latin 

Fans Translation. By F. E. Gretton, Crown Bid. Bs. 
Sabrlnse Corolla in hortulis Eegire Soliolss Salopionsis oontesuernnl 

tins yiri fturibui legendla. Editio tertia. Bro. Bs. Bd. 
Theocritus. In English Veree, by C. S, Calverley, M.A. New 

Edition. revised. Crown Bvo. 7i. fld. 
Translations into English and Latin. By C. S. Calverley, M.A. 

Post Sto. 7j. 8d. 
into GrMk and Latin Verse. By B. C. Jebb. 4to. cloth 

gilt. IBs. 6d. 
Between Whiles. Translations by B. H, Kennedy. 2nd Edition. 

reyissd. Crown Bro. 5s. 
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REFERENCE VOLUMES. 

A Latin Grammar. By Albert Harkness. Post 8vo. fc. 

ByT.H.Key, M.A. 6th Thousand. Poet Bvo. 8j. 

A Short Latin Grammar for Schools. By T. H. Key, M.A. 

Classical Eooka. By J. B. Mayor, M.A. 

Kf.li.Hl £0111011. U rown BYO. 3i. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. Stb 

Kdltion. FoBtBro. Si. 
Kolghtley'B Mythology of Greece and Italy. 4th Edition. S». 



A History of Roman Literature. By W. S. Tenffel, Profeaaor at 
the UniTeratj of TObinfen. By W.Wagnor,Pli.D. 3 Tota. Domy 8vo. Zla. 

Student'e Guide to the University of Cambridge, dtli Edition 
rtrriied. Tcap.BTO. 6a. dd.; orin IMi-1-.- l'.nl I, Si. fid. ; P*rta2 toS, U. 



CLASSICAL TABLES. 

Latin Acoidecoe. By the Rev. P. FroBt, M.A. 



Is. 



Latin Yersifloation. la. 

Notobilia QuEedam; or the Principal Tenses of most ol the 

Irregular Greek Verba and Elementary Greek, Latin, and French Con- 
rtrootion. Hew Edition. U. 
Richmond Rules for the Ovidian Distich, >tc. By J. Tate, 

The Principles of Latin Syntax. Is. 

Greek Verbs. A Catalogue of Verba, Irregular and Defective; their 
leading formations, tenses, -inrl inflexions, with Paradigma for conjugation, 
Bulsn for formation ot tenses, 4c. ic. By J. S. Baird, T.O.D. 2s. 6d. 

Greek Accents (Note? on). By A. Barry, D.D. New Edition. 1*. 
Homerlo Dialeot. Its Leading Forms and Peculiarities. By J. S. 

Baird, T.C.D. New Edition, bj W. G. llntherford. li. 
Greek Accidence. By the liev. P. Frost, M.A. New Edition. 1*. 



CAMBRIDGE MATHEMATICAL SERIES. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 3rd 
Edition. 6a. 

Euclid. Exercises on Ericlid and in Modern Geometry. By 
J. McDowell, M.A. 3rd Edition. 6a. 

Trigonometry. Plane. By Bev.T.Vyvyan,M.A. 2ndEdit. 3s.6d. 

Geometrical Conic Sections. By H. G. Willis, M.A. Man- 
cheater Qubbii School. 7a. Sd. 

ConloB. TheElementaryGeometryof. -lth Edition. ByC, Taylor, 

D.D. la. fid. 

Solid Geometry. By W. S. Aldis, M.A, 3rd Edition. 6>. 



Educational Works. 7 

Rigid Dynamics. By W. S. Aldis, M.A. 4s. 

Elementary Dynamics. By W. Garn? tt, M.A. 3rd Edition. 61. 

Heat. An Elementary Treatise. By W. Garnett, M.A. 3rd Edit 

Hydromechanics. By W. H. Besant, M.A., F.R.9. 4Ui Edition. 

Part I. Hjdrostatics. 5>. 
MeohanicB. Problems in Elementary. By W. Walton, M.A. 6*. 

CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 
Universitrit. »SV/mr-.'«, tind Candidates far the Public 
Examinations. Feap, Sito. 
Arlthmetlo. By Bev.C.EIsee, M.A. Fcap. 8to. 11th Edit. 81.6& 
Algebra. By the Eev. O. Elsee, M.A. 6th Edit. is. 
Arithmetic. By A. Wrigley, M.A. Sa. 6i. 
A Progressive Course ol Examples. With Answers. By 



Plans Astronomy, An Introduction to. By P. T. Main, M.A. 

Stb Edition. «. 
Conic Sections treated Geometrically. By W. H, Besant, M.A. 

Elementary Conio Sections treated Geometrically. By W. H. 
Besant, M.A. [In Inejirw. 

Conies. Enunciations and Figures. By W. H. Besant, M.A. ls.6d. 
Statics, Elementary. By Kev. H. Goodwin, D.D. 2nd Edit. 3i. 
Hydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. is. 
Mensuration, An Elementary Treatise on. By B.T.Moore, M.A. 6>. 
Newton's Principia, The First Three Sections ot, with an Appen- 

aU| and the Ninth ami EltTc.ith Sections, By J. H. Evana. M.A. 5th 
Edition, by P. T. Muiii, M.A. is. 

Optics, Geometrical. With Answers. By W. 8. Aldis, M.A. 3s. 6d. 
Analytical Geometry for Schools, ByT.G.Vyvyan. 4thEdit. is.Sd. 
Greek Testament, Companion to the. By A. C. Barrett, A.M. 

5th Edition, re-Tiecd. Fcap. 8vo. fij. 
Book of Common Prayer, An Historical and Explanatory Treatise 

on tic. DjW. G. lluuiiihrj', B.D. 8th Edition. Foop. 8vo. 4i. GJ. 
Music, Text-book of. By E. 0. Banister. 11th Edit, revised. 55. 
Concise History of. By Rev. H, G. Bonavia Hunt, B. Mus. 

Oion. Btb Edition revised. Sb. fld. 

ARITHMETIC AND ALGEBRA. 

See foregoing Series. 
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GEOMETRY AND EUCLID. 

Euclid The First Tito Books explained to Beginners. Bj 0. P, 

XiHIl, B.A. Ind Edition, Fonp. BvO. 2s, 6J. 

The Enunciations and Figures to Euclid s Elements By Bar. 
" - uo, D.D. Now Edition. Fiap.Bvo. U On Carta, In ouo, S». 

s on Euclid and In M 

B.A- Crown 8.0. 3rd Edition i 
Geometrical Conic Sections. ByH. U. Willis, M.A. 7i, 6<l 
Geometrical Conic Sections. By W. n. Beaant, M.A. ltd Edit. 

fe.64. Solution to the Eiimpl^j. i*. 
Elementary Geometrical Conic Sections. Bv W. H. Besaiit, 

M.A. [IntTuprw. 

Elementary Geometry of Conies. By C. Taylor, D.D. 4th Edit. 

An Introduction to Ancient and Modern Geometry of Conies 

Bj C. T»jlor, M.A. oro. 1S«. 
Solutions of Geometrical Problems, proposed at St. John's 



TRIGONOMETRY. 

introduction to Plane. By R 
nd Edition. Cr. 8ro. ■'■■■. erf. 

An Elementary Treatise oa Mensuration. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P, 

Tnrabnll, M.A. 8vo. 12s. 
Problems on the Principles of Plane Co-ordinate Geometry, 

By W. Walton, M.A. Bto. 16t. 
Trlllnear Coordinates, and Modern Analytical Geometry of 

Two Dimensions. EyW. A. W nitre orth, M.A. 8vo. 18b. 
An Elementary Treatise on Solid Geometry. By W, 8. Aldis, 

M.A. 3rd Edition ruyisad. Cr. 8vo. 61, 

Elementary Treatise on the Differential Calculus. By M. 

O'Brinn. M.A. Bra. 10s. Bd, 

. By A. Cayley, M.A, 

MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementarv. By H. Goodwin, D.D. Foap. Bvo. 2nd 

Edition. 3a. 
Dynamics, A Treatise on Elementary. By W. Garuett, M.A. 

3rd Edition. Crown 8to. 6s. 
Dynamics. Rigid. By IV. S. Aldis, SI A. U 



E-iaoationai Works. 9 

Elementary Mechanics, Problama in. 13 y W Wilton, M.A. New 

Kdition. Crown 673. St. 
Theoretical Mechanics. Problems in. By W. Walton 2nd Edit 

reiistd and enlarged. 0801)1 3io. 16s. 
Hydrostatias, By W. H.Beannt.M.A. Feap.Svo. 10 tb Edition. > 



Hydror 



A Treiti.ii 



By'W.H.BflBant, M.A., OS 



:h Edition, rovijui. Part- I. Hydras, 

Dynamics ol a Particle, A Treat lie on the. ByW.H, Besant, It. A.. 

£Prap«riTidf. 

Optics, Geometrical. By W. B. AJdis, M.A. Fcap. 8vo. 3i. Gd. 

Double Refraction. A Chapter on Fresnei's Theory of. By W S. 

AMis, M.A. Sto. it. 
Heat, An Elementary Treatise on. By W. Garnett, MM. Crown 

MA. 5th 

By P. T. Main. M.A. 

Astronomy, Practical nud Spherical. By R. Main. M.A. 8to. 14«. 
Astronomy , Elemental- Chapters on, from the ■ Aatronomia 

Physique' ofBiot. By li. Goodwin, D.D. 3io. S-. Si. 
Pure Mathematics and Natural Philosophy, A Compendium of 
"- ". fi. HmiUej, 2m3 Eiitioo, revised hy 

By the Itey, T, W. Open- 
By H. Goodwin. D.D. 
Problems and Examples, adapted to the ' Elementary Course of 

Solutions of Goodwin's Collection of Problems and Examples 
By W. W. Hatt, H.A. 3rd Edition, revised and enlarged. 8ro. Ik. 

Meohanics of Construction. With numerous Examples. By 
B. tfenwiek, F.It.A.S, 8vo. 12s. 

i the Principles of. By 

Physios, The Mathematical Principle of. By Key. J. Chillis, M.A. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. TnnEiTAN Wood, Secrotavy of the 
Society of Arts. 

1. Dyeing and Tissue Printing. By W.Crookes, F.B.8. Gs. 

2. Glass Manufacture. ByHeuryChance.M.A.; H. J.FowfllhB.A.; 

nude. G.Hiuria. fee* 

3. Cotton Manufacture. By Richard Marsden, Ess... of Man 

oherter. ««. &1. 

4. Telegraphs and Telephones By W. H. Preoea, r 
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HISTORY, TOPOGRAPHY, &c. 
Rome and tne'Campagna. By B. Hum, M.A. With I 
graving^ and 28 Mape nod Plane. With Appendix. 4to. 91, 3i. 
A Handbook for Travellers, By R. Burr 



(1 I 'Jan 



Den: 



M.A. 

Modem. Europe. By Dr. T. E. Dyer. 2nd Edition, revised and 

continued. 5 ml*. Demy Svo. 21. 12a, fla. 
The History of the Kings of Home. By Dr. T. H. Dyer. 8vo.I6«. 
The History of Pompeii: its Buildings and Antiquities. By 

T. H. Dyer. 3rd Edition, brought down to J«74. Post 8™. 7*. 3d. 
The City of Rome : its History and Monuments. 2nd Edition, 

reviwdbyT. H. Dyer. St. 
Ancient Athens : its History, Topography, and Remains, By 

T. H. Djor. Super-royal Bio. Cloth. II. 8,. 
The Decline of the Roman Republic. By G. Long. S vols, 

A History of England during the Early and Middle Ages. By 
0. H. Pearson, M.A. 2nd Edition revised nnd enlnrgod. Sro. Vol. I. 
ISa. ToLII. Ue. 

Historical Maps of England. By C. H. Pearson. Folio. 3rd 
Edition revised. 31i. 6d. 

History of England, 1800-15. By Harriet Martinc-s.li, with new 
andcopioniilsdei. 1 vol. 3a. 6d. 

History of the Thirty Years' Peace, 1615-46. By Harriet Mar- 
tinson. Ivoln. 3s. 6d,onch. 

y A. Bo-nes. 4th 



Outlines of Indian History. By A. W. Hughes. 



An Atlas of Classical Geography. 24 Maps. By W, Hugliei 



3rd Edition. 
Standard Library Atlas of Classical Geography. Imp. 8vo. It. Si. 



Educational Works. 



WEBSTER'S DICTIONARY OF THE ENGLISH LAN- 
GUAGE. With Dr. Malm's Etymology. 1 vol. 1B2S pwrea , SOUO UlllB- 
trations. 31s. With Appendices and 70 additional pages ol Ulnitra. 

•THEEMTPaiCTielLEHOLiaHDicTioHABTiiTAHT.'— Quarttrlj; RmiM, JS7S. 

Prospectuses, with specimen pages, post free on application. 

Richardson's Philological Dictionary of the English Language. 

Combining Eiplan&tion with Etymology, and oopioiisly illnttrated by 

fi.llB.M.i halfrnssla, 51. 15s.6d.j rneaia, fil. 12s. Hnppleinent separately! 

Ari Svo. Edit, without the Qnotations, lis.; ball rosaia, 20s.; rusBia.ait. 

Supplementary English Glossary. Containing 12,000 Words and 

- '- English I" 



Dictionary. By T. L. 0. Di 

Folk-Etymology. A Dioti 

Meaning hy False Derivatioi 



nary of Words perverted in Form o 
,r Mistsieu Analogy. By llev. A. B. Palmei 



By E. Adams, Ph.D. 

Philological Essays. By T. H. Key, M.A., F.B.S. 8to. IOi. Gd. 

Language, its Origin and Development. By T. II. Key, M.A.. 
F.B.S. Svo. 14«. 

Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith, tad Edition. I'oxtSvo. 5s. 

Synonyms Disorimlnatad. By Archdeacon Smith. DeroySvo. 16s. 

Bible Engliah. By T. L. O. Davies. 5s. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alford 6th Edition. Fcap. Svo. 5s. 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Rev. E. J, Boyce. Ecap. Svo. Sa. M. 

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
Bvo. r«.6d. 

& Grammar of the Arabic Language. By Bev, W. J. Bea- 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum Gracum, Textns Stephanici, lfiSO. By 
P.H.Bariveinr.A.M.,LI..D.,D0L, Sew Edition, lorao. *s.6a. Also 
on Writing Paper, with Wide Margin. Half-bound. IBs. 
By the tame Author. 

Codex BeztB Cantabrlgiensia. 4to. 20a. 

A Full Collation of the Codes Sinaitious with the Received Teit 
of the New Testament, with Critical Introduction. 2nd Edition, reviaed. 

A Plain Introduction to the Criticism of the New Testament. 
With Forty Facsimiles from Ancient atanuaoripts. 3rd Edition. Svo. 18*. 
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n the Text of the Haw Testament, Fw English 

Bandars. Crown. ! . a. Gi. 
The New Testament for English Readers. Ey tlioIiteH, AlforJ, 

D.I>. Vol. I. Part I. Srd Edit, iu. VOL I, Part II. 2nd MS, Ua.es. 

Vol. 11. Fart 1. 2nd Edit. ISa. Vol. II. Part II. 2nd Edit. 10,. 
The Greek Testament. By the late H. Alford. D.D. Vol. I. lith 

Edit. 11. Si. Vol. II. 6ta Edit. 11. 4a. Vol. III. 5th Edit. IS*. Vol. IV. 

Put I. «LEdit. IB*. Vol. IV. P.irt II. *tb Edit. 111. Vol. IV. II. li. 
Companion to the Greek Testament. By A. C. Barrett, S1.4. 

oth Edition, reviled. Fnap. Sio. hi. 
The Book of Psalms. A New Translation, with Introductions, Jto. 

BTtheVerrKov.J. J. Btowart Ferawae, D.D. Svo. Vol. I. Sth Edition. 

lb. Vol. II. 5th Edit. 1*. 

Abridged for Schools. 4th Edition. Crown 8vo. 10j. Gd. 

History of the Articles of Religion. By C, H. Hsrdwick. 3rd 

Edition. PostBro. S-: 
History of the Creeds. By J. R. Ltiwby. D.D. -2nd Edition. 

OrowuBro. ''■■•:■■>■ 
Pearson on the Creed. Carefully printed from an early edition. 

Witli Analysis nod IndoittfE. Wjlford, MA. Po*t 3to. U, 
An Historical and Explanatory Treatise on the Book of 

Common Froiyer. Br Ray. W. G. Uninplirj, B.D. Oth Edition, enlarod. 

Small Port Sto. i.-. lid. 
The Kew Table of Lessons Explained. ByRey.W. G.Huinyhry, 

Ii.1V Fcap, Is. Sd. 
A Commentary on the Gospels for the Sundaya and other Holt- 
Dura of tin Christian Year. By Est. W. Denton, A.M. New Edition. 

3 vols. Sro. 5*j. Bold aeprotely. 
Commentary on 

Daya of the Chris 

neparatsly. 

Commentary on 

Svo, is.,. Vol. II. iu. 
Notes on the Catechism. By I: 



ind other Holy 

s Aots. By Key. W. Denton, A.M. Vol. I. 
1, Kay. Bishop Barry. 7tli Edit. 



Catechetical Hints and Helps. By Bey. E. J. Bovca, M.A. dth 

Edition, revisod. Foap. 2a. fld. 
Examination Papers on Religious Instruction. By Key. E, J, 



The Wlnton Church Catechist. Questions and Answars ou the 
Toaohine of 1 1l-j OhaVoil OntebaBBtt. By the late Rav. J. S. B. MooaelL 
LL.D. Si-d Edition. Ulutli,:)'.: or iu your Parti, tawed. 

Tne Churoh Teacher s Manual of Christian Instruction. By 
Rct. M. F. Badlsr. 28th Thoaaand. i. lid. 

Short Explanation of the Epistles and Gospels of the Chris- 
tian Year, with Qneationi. Bojulffimu. is. 6tf ; ml/, la. W. 

Butler's Analogy of Religion ; with Introduction and Index by 
Her. Dr. Steen. Naw Edition. Foap. 3a. id. 



Educational Work*. 



Keats Commentary on International Law. By J. T, Abdy, 

LL.D. Kew and Cheap Edition. Crown 8va. lfe. 6d. 
A Manns! of the Roman Civil Law. By G. Leapingwell, LL.D. 



FOREIGN CLASSICS. 

tritt fur use in Schools, vith Knglish Nolo, grammatical and 
explanatory, and rrndtrings 0/ difficult idiomatic cxpretsiow. 
Fcap. Seo. 

Schiller s'Wallenatein. By Dr. A. Euehlieim. '.Ui Edit. 6s. 64. 
Or tbo Lngt-r and Piccolomini, 3s. 6d. WaUumtein's Toil, St. Hi. 

Maid of Orleans. By Dr. W. Wagner. St. Gd. 

- Maria Stuart. By V. Eastner. St. 

Goethe's Hermann and Dorothea. By E. Bell, M.A., and 



Select Fables of La Fontaine. By F. E.A. Gasc. 1-itli Edition. 3*. 
Pioolola, uyX.B.Saintine. By Dr.Dntac. 13th Thousand. It. to. 
Lamartine's Le Tailleur de Pierres de Saint-Point. Edited. 



FRENCH CLASS-BOOKS. 

Trench Grammar for Pnblic Schools. By BeT. A. C. Clapin, M.A. 

Poip. Sio. Sth Edition, miftd. 2s, W. 
French Primer. By liey. A. C. Clapin, M.A. Fcap. 8to. .'th Edit. 

li. 
Primer of French Philology. By Eev. A. C. Clapin. Fcap. 81-0. 

2nd Edit. If. 
Le Nouveau Tresor : or, French Student's Companion. 

II. E. B. lSta Edition. F»p. Sra. 3i. «d. 
Italian Primer. By Eev. A. C. Clapin. Fcap. Svo. 1*. 

F. E. A. GASC'S FRENCH COUBSE. 
First French Book. Fcap. 8to. 8lith Thousand. U. Gd. 
Second French Book, 42nd Thousand. Fcap. 8to. 2i. Gd. 
Key to First and Second French Books. Fcap. 8to. 3», Gd. 
French Fables for Beginners, in Prose, with Index. IBtrj Thousand. 
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Practical Golds to Modern French Conversation. 12th Thou- 
sand. Fcap. Sro. 2: Bd. 
French Poetry for the Young. With Notea. 4th Edition. Fcap. 

Materials for French Prose Composition ; or, Selections from 



it English 
Prosateura Contemporalns. 



17th 1 



kei. 



With Notea. 8vo. 7th Edition, 
Little Children. 



La Petit Compagnon; a French Talk- Book t 

lltb Thousand, lflmo. is. M. 
An Improved Modern Pocket Dictionary ol the French and 

English Languages. SSIh Thc-Diana", with Addition*. ISmo. Cloth. U. 

Also in 2 vole, la neat leatherette. Si. 
Modern French -English and English -French Dictionary. 2nd 

Edition, revised. In 1 tol. 13s. Sd. (formerly 2 vols. Ms.) 

GOMBEKT'S FRENCH DRAMA. 
Being a Selection of the beat Tragedies and Comedies of Moliere, 
Racine, Oorneille, and Voltaire. ""* 
Gombert. Now Edition, revised b 
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GERMAN CLASS-BOOKS. 

By Dr Buchheim. 
i. Parts UL and IV., if, 
Wortfolge, or Rules and Exercises on the Order of Words In 

Gorman Sentences. By Dr. F. Stoot. Is. 8*. 

A German Grammar for Public Schools. By the Hot. A. C. 

ClapinandF. Boll Mullet. Srd Edition. Fcap. Sj.otL 
A German Primer, with Exercises. By Bey. A. C. Clapin. 1*. 
Kotzebue'a Der Gefangene. WithNotesbyDr. W. Btrombsrg. it. 

ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadley, 

LL.D,, of Yale College. Foap. 8vo. Is. 
The Elements of the English Language. By E. Adams, Ph.D. 

lith Edition. PmtEro. *t. Hi. 
The Rudiments of English Grammar and Analysis. By 

E. Adams, Ph.D. 14th Thousand. Fcap. Svo. 2s. 
A Concise System of Parsing. By L. E. Adorns, B.A. Fcap. Svo. 



IK th Thousand. Cloth. 



By 0. P. Masoh, Fellow of Univ. Coli. London. 
First Notions of Grammar for Young Learners. Fcap. 8vo. 

r the use of Junior Classes, 

1. Crown Sto. 2s. 
English Gi'ii: 

Analysis. Sot 
A Snorter English Grammar, with copious ThwririWB. 16th Thou- 

Hand. Crown 8yo. St. Sd. 
Engllsn Grammar Practice, being the Exercises separately. It. 
Code Standard Grammars. Parts! andll. 2rf, ench. Parts in., 



Practical Hints on Teaching. By Rev. J. Menet, M.A. Cth Edit. 

How W Earn the Merit Grant. A Manual of School Manage- 
ment. By H. Major, B.A., B.Hc. '>m\ Edit, nrted. Plirt I. Infant 
School, 3j. Part BE. it. Completu, <5s. 

Test Lessons in Dictation. 2nd Edition. Paper cover, Is. 6d. 

Questions for Examinations In English Literature. By Rev. 

Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12s. Bold 

also in porta at Is, each, 
Poetry for the Schoolroom. New Edition. Fcap. 8vo. li. Gd. 
Geographical Test-Book ; a Practical Geography. By M, E. B. 



Handbook of Botany. New Edition, greatly enlarged by 

D.Wooator. Fcap. 2s. 6d. 
The Botanist's Pooket-Book. With a copious Index. By W. B. 

Hayward. -llli ]■-'!::. ruvi-l'il. ''ro'.vii 3vo. iloth lilnp. i!. 6d. 

Experimental Chemistry, founded on the Wort of Dr. Stockhardt. 

By C. w. Beaton. PostSvo. 5s. 
Double Entry Elucidated. By B. W. Foster. 12th Edit. ito. 

A New Manual of Book-keeping. By P. Crellin, 



Picture School-Books. In Simple Language, with 
IUustrationj. Royal 16mo. 
The Infant's Primer. :M. -School Primer, fid. —School Roadei 
TllltianL la,— Poetry Book (or Schools. Is,— Tho Lffo of Joseph. _ 
Si-i ij-.riir.j Pataul-ja. By the Key. J. K. Clarke. lj.— The Scripture Hindi 
' " r. J. E. Clarke. Is.— Tho Now Tastamont History. " ' 
- M.A. U— The Old Testament |f"~ 
Is. — Tho Story of Bunyan'a PLhrrii 
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J. Q. Wood, 1 
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mint Kifi.ai-;-. By the Kay. 

K. By the Key. J, Q. 
ojrroM. Is.— Tho Lifi 



.—The Lilc of Marti 



16 George Bell and Sons' Educational Work*. 



Suitable 

for 
Infants. 



BOOKS FOR YOUNG READERS. 

A Series of Reading Books designed to facilitate tJie acquisition of the power 
of Heading by very young Children. In 8 vols, limp cloth, M. each. 

The Cat and the Hen. Sam and his Dog Red-leg. 
Bob and Tom Lee. A Wreck. 

The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 

The Story of Three Monkeys. 

Story of a Cat. Told by Herself. 

The Blind Boy. The Mute Girl. A New Tale of 
Babes in a Wood. 

The Dey and the Knight. The New Bank Note. 

The Royal Visit. A King's Walk on a Winter's Day. 

Queen Bee and Busy Bee. 

Gull's Crag. 

A First Book of Geography. By the Rev. C. A. Johns. 

Illustrated. Double site, Is. 



Suitable 

M 

Standards 

I. & II. 



) 



Sititabh 

for 
Standard 

in. 



BELL'S READING-BOOKS. 

FOR SCHOOLS A3TD PAROCHIAL LIBRARIES. 

The popularity of the ' Books for Young Readers ' is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories, in place of 
the dry combination of letters and syllables, of which elementary reading-books 
generally consist. The Publishers have therefore thought it advisable to extend 
the application of this prinoiple to books adapted for more advanced readers. 

Now Beady. Post 8vo. Strongly bound. 

Grimm's German Tales. (Selected.) Is. 

Andersen's Danish Tales. (Selected.) Is. 

Great Englishmen. Short Lives for Young Children. Is. J 

Friends in Fur and Feathers. By Gwynfryn. 1*. ^ 
Parables from Nature. (Selected.) By Mrs. Gatty. Is. 
Gatty's Light of Truth, and other Parables. Is, 
Great Englishwomen. Short Lives, 1*. 
Lamb's Tales from Shakespeare. (Selected.) 1*. 
Edgeworths Tales. A Selection. Is. 
Gulliver's Travels. (Abridged.) 1*. 
Marie: Glimpses of Life in France. By A. K. Ellis. Is. 
Masterman Ready. By Capt. Marryat. (Abgd.) Is. 

Robinson Crusoe. 1*. 

The Vicar of Wakefield. Abridged. 1*. 

Settlers in Canada. By Capt. Marryat. (Abdg.) Is. 

Poetry for Boys. By D. Mrmro. Is. 

Southey's Life of Nelson. (Abridged.) Is. 

Life of the Duke of Wellington, with Maps and Plans. Is. 

The Romance of the Coast. By J. Runciman. Is. 



Standard 
IV. 



Standards 
V. A VI. 



London: Printed by Steakcewats & Soss, Tower Street, St. Martin's Lane. 
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